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Summary. When experimentation on a real system is expensive, data are often collected by
using cheaper, lower fidelity surrogate systems. The paper concerns response surface meth-
ods in the context of variable fidelity experimentation. We propose the use of generalized least
squares to generate the predictions. We also present perhaps the first optimal designs for vari-
able fidelity experimentation, using an extension of the expected integrated mean-squared error
criterion. Numerical tests are used to compare the performance of the method with alternatives
and to investigate the robustness to incorporated assumptions. The method is applied to auto-
motive engine valve heat treatment process design in which real world data were mixed with
data from two types of computer simulation.
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1. Introduction

Often, experimental data are analysed to predict outputs of a system as a function of system
inputs. When experimentation on the real system of interest is expensive, the data sometimes
are collected from cheaper surrogate experimental systems. For example, laboratory and pilot
systems can be used to mimic production systems, and computer simulations can approxi-
mate physical experiments. Yet, the planning of experiments that includes an allocation of runs
to different experimental systems has received relatively little attention. This paper describes
perhaps the first attempt to plan experiments optimally by using more than a single experimental
system for response surface generation. The goal is to derive an accurate prediction of the real
system outputs, while achieving an acceptable total experimental cost.

Although experiments on a surrogate system are cheaper, the responses are usually associated
with systematic errors. Thus, in planning the experiments, one has to balance between the cost
and ‘faithfulness’ that are associated with each experimental run. We call this type of experimen-
tation ‘variable fidelity experimentation’, where the term ‘fidelity’ relates to the magnitude of the
systematic errors that each experimental system achieves in reproducing the input–output rela-
tionships of the real system. The real, often physical, system is called the ‘highest fidelity’ system.
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Fig. 1. Heat treatment schedule of an engine valve
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Fig. 2. Engine valve and its finite element analysis models: (a) geometry; (b) 6000-element model; (c)
1000-element model

The targeted application of this research relates to the design of the heat treatment process
for an automotive engine valve. Heat treatment is applied to obtain good material hardness of
the part, but it also induces distortion that increases the manufacturing cost in later steps of the
process. Typically, process engineers trade off distortion for the hardness. To make informed
trade-offs, it is desirable to predict accurately the distortion as a function of the heat treatment
process parameters. A typical heat treatment schedule consists of the annealing, quenching and
tempering procedures, as shown in Fig. 1. In the case that is presented here, the engineers were
allowed to adjust the three parameters annealing temperature TA, tempering temperature TT
and tempering time tT to achieve the best process design. The distortion can be evaluated by
the shrinkage in the distance between the top and the rim ‘tip’ (‘H’ in Fig. 2(a)) before and after
heat treatment.

Because physical experiments on such a heat treatment process are expensive, engineers typi-
cally supplement the data by running finite element analysis (FEA) computer simulations, which
can be done with different levels of sophistication and cost. Although FEA experiments gen-
erally cost less than physical experiments, their cost can be substantial. For example, a typical
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consulting company might charge $1200 for a physical experiment, $400 for a relatively high
resolution FEA run (Fig. 2(b)) and $200 for a relatively low resolution FEA run (Fig. 2(c)).
However, the total experimental budget may be fixed. In this case, this limit is set to $5000,
which is representative of factory floor optimization projects. We shall use this heat treatment
distortion study to illustrate the application of the design and analysis methods proposed. The
design proposed specifies the input combinations for the runs and the experimental system on
which these runs will be performed.

In Section 2, we review the literature related to variable fidelity experimentation. In Section 3,
following Kennedy and O’Hagan (2000), we assume that the systematic errors are approximated
by Gaussian stochastic processes, and we propose the use of generalized least squares (GLS) for
analysis. In Section 4, we propose an experimental design criterion, which is a generalization
of the expected integrated mean-squared error (EIMSE) criterion that was proposed by Allen,
Yu and Schmitz (2003). Section 5 includes a comparison of the methods proposed with alterna-
tives by using numerical test examples. The application of the proposed methods to the engine
valve heat treatment study is described in Section 6. Section 7 summarizes the contributions
and suggestions for future research.

2. Literature review

Several methods have been proposed and used in the context of variable fidelity experiments.
Probably the most common approach that is used by engineers is first to calibrate the surrogate
system with data from the real system, and then to generate predictions by using data from
the surrogate system only. The calibration is achieved often by tuning the surrogate system so
that the outputs best match those of the real system at a single set of inputs. For example, this
method was used in Koc et al. (2000). This approach has at least the following limitations.

(a) A good ‘alignment’ of the surrogate system with the real system may be impossible over
the entire region of interest.

(b) This approach effectively discards the data from the real system in the analysis, which is
intuitively problematic since these data contain the most valuable and expensive infor-
mation.

(c) This method does not take advantage of additional surrogate systems in cases in which
more than one is available.

Knill et al. (1999), Vitali et al. (2002) and Kennedy and O’Hagan (2000, 2001) all explored
the generation of prediction models from variable fidelity experiments in which the associated
experimental designs had a particular structure. In their cases, the input combinations for the
runs at the higher levels of fidelity were always a subset of the input combinations for lower
fidelity levels. Therefore, if Dl was the experimental design for fidelity level l for l=1, . . . , m with
1 being the highest level of fidelity, their experimental plans satisfied D1 ⊆D2 ⊆ . . . ⊆Dm. This
‘hierarchical design restriction’ permitted these researchers to model the differences between the
outputs of various experimental systems directly. Specifically, Knill et al. (1999) and Vitali et al.
(2002) investigated the use of linear regression models for this purpose. Kennedy and O’Hagan
(2000) investigated the use of so-called ‘Bayesian Gaussian stochastic process models’, which
are related to the ‘kriging’ models that have been proposed for computer experimentation by
Sacks et al. (1989a) and others. Kennedy and O’Hagan (2001) also proposed the ‘Bayesian cali-
bration’ method which attempts to correct any inadequacy of even the best-calibrated surrogate
system. Although this ‘Bayesian calibration’ approach may overcome some shortcomings that
are related to the traditional calibration approaches that were mentioned above, it also has the
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hierarchical design restriction. The issue of design optimality has not been addressed in this
context.

Additional Bayesian approaches have been explored to analyse variable fidelity data. Reese
et al. (2004) simultaneously analysed the combined data (expert opinions, computer model and
physical experiments) by using a hierarchical Bayesian integrated modelling approach. Posterior
distributions generated by lower fidelity data are sequentially used as prior distributions in the
next stage where higher fidelity data are used to construct posterior data. Experimental planning
in the context of these hierarchical model fitting approaches has so far received little attention.

Other researchers have investigated the response surface generation from variable fidelity
data by using regression. Etman (2000) recommended a central composite design (CCD) based
structure, where a high fidelity analysis is carried out at the centre point of the design space, and
low fidelity analyses are at the low and high levels and corners. Weighted least squares (WLS)
was suggested for the analysis with higher weights subjectively assigned to higher fidelity runs.
Rodriguez et al. (2001) explored two strategies for implementing designs based on the full fac-
torial, CCD and orthogonal array structures. First, they suggested using random numbers to
assign the runs from a design to different experimental systems, taking into account the avail-
ability of the total budget. Second, they investigated repeating runs of different systems at each
point in the design structure.

In this paper, we focus on the design and analysis approaches for response surface genera-
tion. We explore the generation of new experimental plans without restricting ourselves either
by imposing the hierarchical design restriction or by considering only designs that are similar
to central composites. We propose the use of GLS for the analysis and the use of an extended
EIMSE criterion for design.

3. Modelling and prediction

In this section, we define assumptions and models that are used for the analysis of experimental
data and later for design generation. We begin by defining a general model of the responses
from real and surrogate systems. An inspection of the properties of this model motivates the
use of GLS. Next, we propose a covariance model of systematic errors partially extended from
models in Kennedy and O’Hagan (2000). Finally, we discuss the physical interpretation of
the hyperparameters in the model proposed, including relevant pre-estimations for engineering
applications.

3.1. Response model
Assume that m experimental systems are available and the number of factors is d. The model
for the response of the lth system (for l=1, . . . , m) at the point x = .x1, x2, . . . , xd/′ is

Y.x, l/= f1.x/′β1 + f2.x/′β2 +Zsys.x, l/+ "meas.l/ .1/

= f1.x/′β1 + f2.x/′β2 + "

where f1.x/′β1 + f2.x/′β2 is the true function of the real systems, Zsys.x, l/ is the systematic
error and "meas.l/ is the ordinary random error which might be 0 for computer experiments.
For the true function, to allow for possible model misspecification, we assume that there are
k1 primary terms f1.x/ and k2 potential terms f2.x/ and only the primary terms are included
in the regression model to fit. Assuming that l = 1 corresponds to the real system of interest,
Zsys.x, 1/=0.
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We follow Kennedy and O’Hagan (2001) in assuming that Zsys.x, l/ for l> 1 can be approxi-
mated by a realization of a Gaussian stochastic process. In this paper, we adopt the additional
assumption that this Gaussian process has mean 0. Often, the experimenter will be comfortable
with this assumption because the surrogate experimental systems are constructed to have mini-
mal systematic errors and preliminary data have been used to validate them. Also, if it is known
that systematic errors from a surrogate system are almost all positive (or negative), they could
be approximated as a realization of a zero-mean Gaussian process with strong correlations.

More generally, the experimenters have limited information on the systematic errors and sus-
pect that they may vary around a non-zero number, i.e. the responses are ‘offset’. For these cases,
we suggest a pre-step in which responses are collected from at least one point in the decision
space by using the real and relevant surrogate systems. An offset value for each surrogate system
is calculated from the observed differences. In subsequent experimentation, this offset value is
added to all responses from that system such that the assumption of a zero mean becomes
plausible.

An experimental design ξ is defined as a collection of n points in the input space, x1, . . . , xn,
each of which is associated with a fidelity level labelled l1, . . . , ln respectively. In equation (1),
" is defined to summarize all errors, both systematic and random, at the point x with fidelity
level l. Let ε denote an n-dimensional vector of " that is associated with the n runs in ξ having
covariance V ≡var.ε/.

Assuming that V is known and Y is a vector that contains the data from the n experiments in
ξ, the GLS estimator for β1 is

β̂1 = .X′
1V−1X1/−1X′

1V−1Y .2/

where X1 is the design matrix for the primary terms.
In this paper, we concentrate on resource-constrained situations such that the available data

will be regarded as insufficient to estimate either the coefficients in β2 or the covariance in V.
Thus, the model f1.x/β̂1 will be used for predicting real system outputs based on the estimator
in equation (2), inserting a pre-estimated covariance matrix in place of the true covariance. A
major concern is to develop methods yielding a performance that is robust to the true values of
β2 and V.

3.2. Modelling covariance
We assume that the random errors "meas.l/ are independent of each other and independent of
Zsys.x, l/. Therefore, the covariance of responses for run i at the point xi with fidelity level li and
run j at the point xj with fidelity level lj can be written

cov{Y.xi, li/, Y.xj, lj/}= cov{Zsys.xi, li/, Zsys.xj, lj/}+ δi,j σ.li/
2 .3/

where σ.li/ is the standard deviation of the random error for the lith system and δi, j =0 for i �=j

and δi,j =1 for i= j.
Kennedy and O’Hagan (2000) developed so-called ‘autoregressive’ assumptions about the

systematic errors for different levels of fidelity, which satisfy

cov{Zsys.xi, li/, Zsys.xj, lj/}=σZ.li/σZ.lj/ρ.li, lj/R.li, lj, xi, xj/ .4/

where σZ.li/ is the standard deviation of the systematic errors of system li. ρ.li, lj/ can be under-
stood as the correlation between systematic errors from system li and system lj. R.li, lj, xi, xj/

reflects the spatial correlation between point xi and point xj, which also relates to system indices
li and lj. Note that Kennedy and O’Hagan (2000) focused on the case when responses at all levels
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of fidelity come from computer experiments with different levels of sophistication. This caused
them to make the additional assumption σ.l/ = 0 for l = 1, . . . , m which we do not necessarily
make.

In this study, R.li, lj, xi, xj/ is simplified to R.xi, xj/ for all li, lj = 2, . . . , m and is assumed
to be given by

R.xi, xj/= exp[−θ{.xi −xj/′.xi −xj/}] .5/

where θ is a parameter that is associated with the ‘roughness’ of the systematic errors. In
theory, both for different factors and for different systems, the roughness parameters could be
different. However, we found that a fixed θ provided impressive results in our test problems,
and system-dependent θ-parameters are difficult to obtain.

Taken together, the assumptions in equations (4) and (5) have properties that agree with our
intuition about surrogate systems. R.xi, xj/, the correlation between systematic errors at point
xi and point xj, diminishes as the ‘distance’ between the two points becomes large. ρ.li, lj/, the
correlation between systematic errors from different systems, is also practically meaningful. For
example, systematic errors from a 500-element and a 600-element FEA computer simulation
(which have similar fidelity) are likely to be highly correlated. At the same time, systematic errors
from a computer simulation and a real world laboratory experiment will probably have small
or zero correlation.

3.3. Pre-estimation of hyperparameters
As mentioned earlier, we use a pre-estimated covariance matrix for the experimental design
before data are collected as well as for analysis after data are collected. Pre-estimation of these
parameters is feasible in engineering applications because engineers often have information
relating to the repeatability and the faithfulness of their experimental system, e.g. through
gauge repeatability studies and FEA theory.

The relevant hyperparameters include the σ.li/ for li = 1, . . . , m in equation (3), the ρ.li, lj/

and σZ.li/ in equation (4) and the θ in equation (5). By definition, σ.li/ is the standard deviation
of the random errors. Therefore, if li corresponds to a computer experiment, often σ.li/ = 0.
The standard deviation of systematic error σZ.li/ reflects the general scale of systematic errors
that are associated with surrogate system li. For example, an engineer may believe that outputs
from a particular computer simulation contain less than 20% relative errors with respect to the
physical experiments.

Similarly, engineers may be comfortable to guess the parameters ρ.li, lj/ on the basis of their
beliefs about how similar these experimental systems are. For example, if systems 1, 2 and 3
correspond to the physical and two computer experiments of similar type, we may assume that
ρ.1, 2/=ρ.1, 3/=0 and ρ.2, 3/=0:5.

Sacks et al. (1989a) addressed the design of computer experiments with assumptions that
the differences between a true model and a regression model are well approximated by Gauss-
ian stochastic processes. (In this paper, the differences between the real and surrogate systems
are approximated by Gaussian stochastic processes.) Using a robustness study, they motivated
the choice θ = 1 for planning start-up experiments, where all inputs were scaled to the [−0.5,
0.5]d hypercube. Here, if no better information is available, we also use θ = 1 as the default
pre-estimation.

Sometimes the readers might be able to pre-estimate θ on the basis of beliefs about the exper-
imental systems. Fig. 3 shows one-dimensional realizations of stochastic processes for three
different settings of θ. As mentioned previously, θ can be interpreted as measuring the degree
of roughness of the systematic errors.
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Fig. 3. Random realizations of the systematic errors for (a) θ = 0.1, (b) θ = 1 and (c) θ = 10

We notice that, however, it may be possible to estimate or update these hyperparameters after
the data have been collected. However, concerns include that the methods for estimating these
parameters (for example, see Kennedy and O’Hagan (2000)) are associated with the hierarchi-
cal design restriction that was mentioned earlier. Also, the relevant number of parameters and
hyperparameters can present a challenge for accurate estimation. For example, Kennedy and
O’Hagan (2000) investigated the model involving terms for

(a) the regression model,
(b) the combined effects on the systematic errors of the factors and fidelity levels and
(c) correlations between systematic errors for different levels of fidelity.

When the number of terms exceeds the number of runs, estimation can be difficult or impossible.
We believe that this is an interesting topic for future study.

4. Experimental design

The experimental planning problem in the context of variable fidelity experimentation involves
selecting the number of runs, n, the location of these runs in the input space, x1, . . . , xn, and the
fidelity level that is associated with each point, l1, . . . , ln respectively. In this section, we describe
the criterion, additional assumptions and optimization methods that are used to generate exper-
imental plans.

4.1. Design criterion
Of many possible formulations to generate experimental designs ξ, we use the EIMSE
constrained by the total experimental cost TC. Therefore, the formulation can be written
minimize

EIMSE.ξ/= E
η, x, "

{ŷ.x, ε, ξ, η/−η.x/}2 .6/
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subject to
n∑

i=1
C.li/�TC

where η.x/ and ŷ.x, ε, ξ, η/ are the true function value and regression model prediction of the
real system of interest at point x respectively. C.li/ is the cost per run of experimenting at fidelity
level li.

The EIMSE criterion sums variance and bias errors in a single criterion and it has the simple
interpretation of the expected squared errors. It was proposed in Allen and Yu (2002) and Allen,
Yu and Schmitz (2003) for cases in which ordinary least squares (OLS) are applied for analysis.
Allen, Bernshteyn and Kabiri (2003) showed that EIMSE optimal designs produced relatively
low prediction errors in computer experiment case-studies from the literature.

Here, we extend the EIMSE formulation to consider GLS estimators of the form in equa-
tion (2) under the assumptions in equation (1). Denoting the design matrices for the primary
terms and the potential terms as X1 and X2 respectively, Appendix A shows the derivation of
the generalized formula

EIMSE.ξ/= tr{.A′µ11A −2A′µ12 +µ22/E.β2β
′
2/}+ tr{µ11.X′

1V−1X1/−1} .7/

where

µij =
∫

r

fi.x/ fj.x/′ dx for i, j=1, 2 .8/

and

A = .X′
1V−1X1/−1X′

1V−1X2

so that µij are the so-called ‘moment matrices’, r is the region of interest, A is the generalized
‘alias matrix’ and V is the covariance matrix.

4.2. Assumptions about the potential terms
The EIMSE is related to the coefficients of the potential terms only through the prior covariance
matrix E.β2β

′
2/. DuMouchel and Jones (1994) proposed assumptions about the prior covari-

ance matrix that we also use. Their approach is based on adjustments of the magnitudes of each
potential term so that they have comparable expected effects on the prediction errors. Chantarat
(2003) showed that this assumption is equivalent to E.β2β

′
2/ = γ2B2, where γ is a scalar that

reflects the experimental planner’s estimation of the magnitude of the bias errors.
The matrix B is a diagonal scaling matrix with diagonal entries equal to the reciprocal of

the difference between the minimum and the maximum values of the corresponding row of the
matrix .X2 −X1A/ (which can be understood as the residual from X2 on X1). In the OLS context,
a common choice is γ =σ, as suggested by DuMouchel and Jones (1994), where σ is the standard
deviation of the random error. Yu (2000) indicated that an optimal EIMSE design will have a
robust performance when the bias and variance components have comparable magnitudes.

4.3. Optimization methods
We use the genetic algorithm from Hadj-Alouane and Bean (1997) to generate the optimal
designs, which are solutions to the program in equation (6). To permit flexibility about the
shape of the search region, e.g. spherical or cuboidal, runs are selected from a finite set of
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candidate points. Partly for simplicity in reporting, here we limit candidate points to nine evenly
spaced levels in the [−1, 1]d hypercube.

5. Numerical test examples

5.1. Example 1
Consider a univariate example with a prespecified experimental design at two levels of fidelity,
real (system 1) and surrogate (system 2). Assume that the true functions for the real and surrogate
are both third-order polynomials as shown in Fig. 4(a). For simplicity, we also assume that the
outputs for both systems have zero measurement errors. The prespecified eight-run design ξ and
corresponding responses are shown in Fig. 4(b).

By definition, system 1 has no systematic error, i.e. σZ.1/2 =0:0. We assume that the pre-esti-
mation on systematic errors of system 2 yields that σZ.2/2 =0:01. We also implement the default
assumption that θ=1. Note that our assumptions imply that the total errors for the real system
runs are 0, which causes V to be singular. To avoid this numerical problem, we implement a
non-zero but negligible measurement error variance for the real system runs, e.g. σ.1/= 10−6:

It is easy to verify that the prediction results are insensitive to the particular choice of σ(1).
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Fig. 4. (a) True functions ( , real system; – – –, surrogate system), (b) experimental data ( , real
system; , surrogate system) and (c) predictions by using OLS ( ), WLS (-- - - - - -) and GLS ( )
( , real system)
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In this numerical study, to investigate the robustness of prediction with respect to the accuracy
of the hyperparameter pre-estimates, we compute the maximum likelihood estimates (MLEs)
of the hyperparameters by using the known true functions. Here the systematic errors are not a
realization of a stochastic process, so we consider a stochastic process that would most proba-
bly generate the same systematic errors at nine evenly spaced points. From Sacks et al. (1989b),
the likelihood is inversely proportional to det.V/1=nY′V−1Y. Maximizing, we obtain estimates
σZ,MLE.2/2 =0:0044 and θMLE =1:396. Therefore, the pre-estimates that are used in the analy-
sis, σZ.2/2 =0:01 and θ=1:0, only approximately correspond to the likelihood optimal choices.

Fig. 4(c) shows predictions of the real system outputs based on the data in Fig. 4(b). In
addition to the GLS prediction, we include the WLS and OLS predictions for comparison.
(Note that WLS and OLS predictions can be derived from equation (2) by assuming that the
off-diagonal terms in V are 0 and V = I respectively.) Despite the fact that the pre-estimated
hyperparameters are not ideal, GLS provides an apparent advantage in prediction accuracy.
This robustness justifies the use of pre-estimated V to some degree.

5.2. Example 2
The second example is a hypothetical two-factor case with randomly generated true functions
from McDaniel and Ankenman (2000). This example permits us to evaluate quantitatively the
performance of the methods proposed and to compare them with alternative approaches. In this
example, we assume a scenario where data can be collected from three experimental systems:
the real, a higher fidelity surrogate and a lower fidelity surrogate. The systematic errors of the
two surrogate systems are correlated to some degree. Each experimental run costs $4000, $2000
or $1000 on systems 1, 2 or 3 respectively and the total budget is $15000. The region of interest
is a [−1, 1]2 square.

Assume that the experimenter’s knowledge yields the following ‘best guesses’: σ.1/2 = 0:2,
σ.2/2 =σ.3/2 =0:0, σZ.1/2 =0, σZ.2/2 =1, σZ.3/2 =4, θ =1 and

ρ=
(1 0 0

0 1 0:5
0 0:5 1

)
: .9/

In addition, we consider that the primary terms f1.x/′β1 correspond to full quadratic polyno-
mials and the potential terms f2.x/′β2 contain all third-order effects. For experimental design
generation, the parameter γ is adjusted to make the variance and bias roughly equal, which
occurs when γ =2. Using the EIMSE design criterion, the genetic algorithm of Hadj-Alouane
and Bean (1997) generated the putatively optimal solution to the program in equation (6) in
Fig. 5.

For comparison, we consider three alternative designs. The first design is a ‘manually’ par-
titioned central composite design (MPCCD) based on recommendations of Etman (2000). As
shown in Fig. 6(a), the runs are allocated to the centre, star and factorial points in order of their
fidelity level so that the highest fidelity runs are in the centre. The second approach is based on
methodologies of Rodriguez et al. (2001), where CCD runs are randomly allocated to different
experimental systems while satisfying the total budget constraint, as shown in Fig. 6(b). We call
it the randomly partitioned central composite design (RPCCD). The third design is a ‘shrunk’
MPCCD, which we include to clarify the separate effects of model bias and systematic errors.
By shrinking the design, bias errors are reduced. Note that the designs by Etman (2000) and
Rodriguez et al. (2001) were proposed with the intended analysis methods of WLS and OLS,
respectively. But in this paper, for generality, we evaluate all combinations of the design and
analysis methods.
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Fig. 6. (a) MPCCD, (b) RPCCD and (c) shrunk MPCCD: , system 1; , system 2; , system 3

To evaluate the performance of these designs, we assume that the true functions are polyno-
mials randomly generated by using the ‘response surface test-bed’ of McDaniel and Ankenman
(2000). We use the default flatness and effect heredity that were suggested by McDaniel and
Ankenman (2000). The magnitude of the coefficients in their method is regulated by the ‘range-
of-response’ parameters. In our study, we use the range of response (−1.0, 1.0) to generate the
true functions of the real system. The true functions of the surrogate systems are generated by
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adding polynomials to the true function of the real system. These polynomials, which corres-
pond to the systematic errors, are also generated by the ‘test-bed’, but with a relatively smaller
response range.

We evaluate the method performances considering three classes of test functions. The first
class derives from the scenarios in which the fitted model forms have non-negligible bias and
the pre-estimates of the hyperparameters are approximately accurate. Thus, the responses of
the real system (system 1) derive from third-order polynomials. The polynomials corresponding
to the systematic errors of system 2 are also third order and are created by using a range of
responses (−0.1, 0.1). The polynomials for the systematic errors of system 3 are the sum of the
error polynomial for system 2 and an additional randomly generated polynomial with response
ranges (−0.173, 0.173). Therefore, the systematic errors for system 3 were generated with 4.0
times the variance of system 2 and with correlation equal to 0.5. These correspond to the values
assumed. The coefficients of all sets of true functions are in Table 1.

In the second class, we consider scenarios with zero bias errors and approximately accurate
pre-estimates of the hyperparameters. Therefore, the responses of the real system derive from
second-order polynomials. The responses of systems 2 and 3 are generated by using the same
scheme as in the first class.

For the third class, we consider scenarios in which the bias errors are non-negligible and pre-
estimates about the hyperparameters are very poor. Therefore, the responses of the real system
derive from third-order polynomials, as for the first class. The systematic errors of system 2 are
third-order polynomials generated with range of response (−0.2, 0.2). The systematic errors of
system 3 are generated independently with a range of response (−0.1, 0.1). Therefore, counter
to the belief that is used in experimental design generation and analysis, the systematic errors of
system 3 are generally larger than those of system 2 and they are generated with zero correlation.

Following Sacks et al. (1989a) the prediction accuracies of the various method combinations
are evaluated by using the empirical integrated squared error EISE at all points on a 101×101
grid of points in the region of interest:

EISE=101−2
101×101∑

i=1
{ŷ.xi/−η.xi/}2: .10/

For every test set, we compute the EISE for all nine combinations of design and analysis
methods. We define the ‘relative EISE’ as the ratio of the EISE of the method being evaluated
to the EISE of the method proposed, i.e. the combination of an optimal EIMSE design and
GLS analysis. Table 2 shows the EISE and averaged relative EISE over five test sets for each of
the three classes.

Table 2 suggests the following findings about the performance of the various combinations
of methods. For the first class of test functions, bias apparently causes the regular central-com-
posite-based designs to deliver relatively poor prediction performance regardless of the method
of analysis. For optimal EIMSE design and ‘shrunk MPCCD’, which address bias, GLS analy-
sis incorporated with approximately correct information offers an improved performance. Yet,
using regular central-composite-based designs, the benefits of GLS are not readily apparent.
Therefore, there might be an interaction between the choice of design and the method of anal-
ysis on the average EISE performance. We suggest investigating the performance of GLS in the
presence of model bias and alternative experimental designs as a topic for future study.

Test classes II and III represent two types of departure from the assumptions that are used
for EIMSE optimal design generation and GLS analysis. Class II may be regarded as a ‘perfect
model’ case in which the bias errors are negligible and the pre-estimates are approximately cor-
rect. For this case, it is not surprising that the performance of the design is predictable by using
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Table 1. Coefficients of the true functions

Test set l Coefficients

1 x1 x2 x2
1 x2

2 x1x2 x3
1 x3

2 x2
1x2 x1x2

2

Class I
1 1 0.1029 −0.1489 −0.1432 −0.1648 0.0894 −0.1380 0.0116 −0.0376 0.0646 0.0713

2 0.1061 −0.1532 −0.0810 −0.1611 0.0928 −0.1469 0.0115 −0.0464 0.0572 0.0744
3 0.1145 −0.1578 −0.0788 −0.1605 0.0931 −0.1681 0.0202 −0.0435 0.0500 0.0709

2 1 −0.0084 0.0026 0.3568 −0.1248 0.0802 0.0014 −0.0068 −0.0147 −0.1536 0.0241
2 −0.0243 0.0206 0.3477 −0.1030 0.0776 −0.0103 −0.0219 −0.0164 −0.1430 0.0329
3 −0.0660 0.0574 0.3503 −0.0798 0.0748 −0.0010 −0.0375 −0.0124 −0.1454 0.0376

3 1 −0.1143 0.5447 0.0899 0.0342 −0.0012 −0.035 −0.1062 −0.0026 −0.0439 −0.1403
2 −0.1157 0.5007 0.1211 0.0425 0.0052 −0.029 −0.0901 −0.0086 −0.0409 −0.1386
3 −0.0853 0.4688 0.1270 0.0206 0.0183 −0.0361 −0.0785 −0.0061 −0.0555 −0.1329

4 1 0.0903 0.2130 0.1080 −0.0652 −0.0357 −0.0276 −0.0922 0.0060 −0.0036 −0.0207
2 0.0629 0.2049 0.1213 −0.0547 −0.0438 −0.0285 −0.0906 0.0037 −0.0012 −0.0191
3 0.1207 0.0976 0.0926 −0.0725 −0.0433 −0.0285 −0.0665 0.0089 0.0132 −0.0122

5 1 0.1396 −0.0016 −0.2508 −0.0501 0.0083 0.0776 −0.0156 −0.0063 0.02 0.0462
2 0.1078 0.0097 −0.2746 −0.0479 0.0227 0.0803 −0.0161 0.0015 0.0166 0.0465
3 0.1905 0.0945 −0.3207 −0.0488 −0.0112 0.1071 −0.0280 0.0196 0.0256 0.0242

Class II
1 1 −0.2078 0.1548 −0.1888 0.042 0.0914 −0.0935 0 0 0 0

2 −0.245 0.1392 −0.1865 0.0528 0.1009 −0.1016 0.0058 −0.0012 0.0047 0.0037
3 −0.2032 0.2201 −0.1124 0.0279 0.0960 −0.1102 −0.0200 −0.0197 −0.0112 −0.0194

2 1 −0.0623 0.0113 −0.1094 0.0656 −0.0552 −0.1138 0 0 0 0
2 −0.0490 0.0136 −0.1154 0.0566 −0.0537 −0.1119 −0.0016 0.0004 0.0049 0.0055
3 −0.0580 −0.0423 −0.0750 0.0549 −0.0457 −0.1127 0.0131 −0.0044 −0.0044 0.0002

3 1 −0.1941 −0.0478 0.0042 0.1111 −0.0593 0.1547 0 0 0 0
2 −0.1584 −0.0392 −0.0132 0.0852 −0.0710 0.1517 −0.0042 0.0042 0.0119 −0.0040
3 −0.1406 −0.0649 −0.0380 0.0567 −0.0555 0.1278 −0.0022 −0.0023 0.0231 0.0084

4 1 −0.4564 −0.0549 −0.2178 0.1469 0.1615 0.0361 0 0 0 0
2 −0.4401 −0.0694 −0.2043 0.1415 0.1505 0.0396 0.0066 −0.0034 −0.0078 −0.0014
3 −0.4415 −0.0689 −0.1426 0.1199 0.1644 0.0398 0.0054 −0.0060 −0.0344 0.0028

5 1 −0.1011 −0.0437 0.0021 −0.0223 0.0468 −0.0111 0 0 0 0
2 −0.1296 −0.0262 0.0143 −0.0189 0.0535 −0.0198 −0.0007 −0.0046 0.0035 0.0026
3 −0.1366 −0.0355 0.0515 −0.0088 0.0487 −0.0125 −0.0038 −0.0110 0.0017 0.0111

Class III
1 1 0.1635 −0.1443 0.1348 −0.0536 −0.1098 0.0344 0.0662 −0.0341 −0.0785 −0.0141

2 0.1911 −0.0885 0.1038 −0.082 −0.1056 0.0175 0.0468 −0.0324 −0.0728 −0.0182
3 0.1725 −0.1230 0.1456 −0.0601 −0.1134 0.0317 0.0570 −0.0335 −0.0789 −0.0162

2 1 −0.2853 0.1758 0.1225 0.0338 0.0673 −0.0876 −0.0069 −0.0462 0.0348 0.0261
2 −0.3186 0.2018 0.065 0.0304 0.0943 −0.0925 −0.004 −0.0338 0.0423 0.0072
3 −0.2714 0.1757 0.0974 0.0288 0.0682 −0.0799 −0.0085 −0.0468 0.0367 0.0308

3 1 −0.0929 −0.0545 0.183 0.0433 0.0449 −0.0552 −0.008 −0.068 −0.0753 0.0342
2 −0.1033 −0.1192 0.2297 0.0414 0.0541 −0.0562 0.0089 −0.0735 −0.0862 0.028
3 −0.0705 −0.0645 0.1930 0.0457 0.0410 −0.0632 −0.0062 −0.0750 −0.0698 0.0400

4 1 0.2745 0.2119 −0.2003 0.0076 −0.0793 0.1113 −0.0561 0.0039 0.1069 −0.1066
2 0.2951 0.1821 −0.2289 −0.0253 −0.0614 0.0837 −0.0538 −0.0036 0.1199 −0.0924
3 0.2776 0.2075 −0.1381 0.0113 −0.0758 0.1024 −0.0562 −0.0050 0.0995 −0.1036

5 1 0.1096 −0.2054 −0.1678 −0.0386 0.0337 −0.0576 0.0095 0.0131 0.0437 0.059
2 0.108 −0.2049 −0.0964 −0.0635 0.0498 −0.0573 0.0081 0.0102 0.013 0.0638
3 0.0937 −0.1875 −0.1768 −0.0168 0.0312 −0.0692 −0.0057 0.0114 0.0544 0.0678



456 D. Huang and T. T. Allen

Table 2. EISE for the two-factor test functions

Test function Test function Analysis EISEs for the following designs:
class

Optimal MPCCD design RPCCD design Shrunk
EIMSE of Etman of Rodriguez MPCCD
design (2000) et al. (1998)

I 1 GLS 1.49×10−3 5.49×10−4 1.15×10−3 7.21×10−4

WLS 1.57×10−3 5.11×10−4 1.20×10−3 8.10×10−4

OLS 1.69×10−3 7.61×10−4 6.75×10−4 1.18×10−3

2 GLS 1.26×10−3 8.01×10−4 1.00×10−3 1.52×10−3

WLS 1.56×10−3 8.09×10−4 9.51×10−4 1.69×10−3

OLS 1.40×10−3 1.44×10−3 1.28×10−3 1.59×10−3

3 GLS 2.46×10−3 7.43×10−3 7.43×10−3 2.30×10−3

WLS 2.59×10−3 7.62×10−3 7.55×10−3 2.60×10−3

OLS 3.03×10−3 8.03×10−3 7.97×10−3 2.56×10−3

4 GLS 8.45×10−4 8.46×10−3 6.98×10−3 3.70×10−3

WLS 1.00×10−5 8.33×10−3 6.54×10−3 3.88×10−3

OLS 2.17×10−5 7.71×10−3 6.18×10−3 3.65×10−3

5 GLS 1.38×10−5 5.14×10−4 1.57×10−3 9.77×10−4

WLS 1.50×10−5 4.92×10−4 1.69×10−3 6.51×10−4

OLS 1.73×10−5 7.46×10−4 2.02×10−3 1.19×10−3

Averaged relative† GLS 100% (0%) 288% (370%) 280% (285%) 154% (144%)
WLS 112% (8%) 286% (356%) 272% (265%) 160% (153%)
OLS 146% (56%) 292% (326%) 270% (249%) 165% (134%)

II 1 GLS 4.10×10−4 2.38×10−4 2.53×10−4 1.13×10−3

WLS 5.62×10−4 2.35×10−4 2.61×10−4 7.55×10−4

OLS 1.01×10−3 3.91×10−4 4.16×10−4 8.50×10−4

2 GLS 7.47×10−5 1.57×10−4 2.53×10−4 4.17×10−4

WLS 9.88×10−5 1.64×10−4 2.61×10−4 3.72×10−4

OLS 1.63×10−4 2.60×10−4 4.16×10−4 4.45×10−4

3 GLS 3.94×10−4 1.34×10−4 1.21×10−3 4.60×10−4

WLS 4.31×10−4 1.40×10−4 1.29×10−3 5.58×10−4

OLS 5.96×10−4 1.81×10−4 1.34×10−3 6.59×10−4

4 GLS 6.56×10−5 6.56×10−5 2.82×10−4 7.03×10−5

WLS 5.95×10−5 7.69×10−5 3.15×10−4 1.35×10−4

OLS 5.16×10−5 1.70×10−4 4.10×10−4 3.72×10−4

5 GLS 4.61×10−4 7.82×10−5 1.10×10−3 3.31×10−4

WLS 6.23×10−4 9.91×10−5 1.06×10−3 4.40×10−4

OLS 7.15×10−4 2.28×10−4 1.07×10−3 6.36×10−4

Averaged relative† GLS 100% (0%) 84% (69%) 275% (123%) 226% (180%)
WLS 121% (18%) 90% (73%) 290% (138%) 225% (141%)
OLS 170% (58%) 160% (122%) 371% (196%) 335% (202%)

III 1 GLS 1.63×10−3 3.21×10−3 4.05×10−3 1.45×10−3

WLS 1.60×10−3 3.07×10−3 3.47×10−3 1.20×10−3

OLS 1.57×10−3 2.56×10−3 2.74×10−3 7.78×10−4

2 GLS 1.12×10−3 3.31×10−3 2.68×10−3 1.90×10−3

WLS 1.14×10−3 2.94×10−3 2.55×10−3 1.52×10−3

OLS 1.16×10−3 1.52×10−3 1.81×10−3 8.21×10−4

3 GLS 1.33×10−3 1.25×10−3 2.05×10−3 1.69×10−3

WLS 1.36×10−3 1.24×10−3 2.12×10−3 1.39×10−3

OLS 1.41×10−3 1.35×10−3 2.22×10−3 8.68×10−4

(continued)
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Table 2 (continued )

Test function Test function Analysis EISEs for the following designs:
class

Optimal MPCCD design RPCCD design Shrunk
EIMSE of Etman of Rodriguez MPCCD
design (2000) et al. (1998)

4 GLS 1.92×10−3 3.98×10−3 2.13×10−3 2.34×10−3

WLS 1.36×10−3 3.66×10−3 2.13×10−3 1.67×10−3

OLS 9.71×10−4 3.52×10−3 3.54×10−3 1.04×10−3

5 GLS 1.57×10−3 1.66×10−3 1.04×10−3 1.38×10−3

WLS 1.46×10−3 1.55×10−3 1.02×10−3 1.07×10−3

OLS 1.34×10−3 1.12×10−3 9.15×10−4 5.36×10−4

Averaged relative† GLS 100% (0%) 180% (74%) 164% (71%) 119% (30%)
WLS 93% (12%) 167% (64%) 155% (61%) 94% (24%)
OLS 88% (20%) 130% (40%) 148% (45%) 55% (14%)

†Standard deviations are given in parentheses.

the integrated variance, which is the second term in equation (7) and constitutes the expected
squared prediction errors assuming zero contributions from model bias. The integrated vari-
ance for the optimal EIMSE design, MPCCD, RPCCD and shrunk MPCCD were 0.80, 0.53,
0.94 and 0.85 respectively, assuming that GLS analysis is used. The relative performance of the
methods of analysis also follows a predictable pattern as dictated by the degree to which the
method capitalizes on the approximately correct information. GLS methods perform the best
followed by WLS methods for all design and analysis combinations.

The third class of test functions provides evidence for some measure of the robustness of the
proposed methods to poor pre-estimates of the covariance matrix V. For all choices of design,
the pattern that is observed for the second class is reversed such that GLS and WLS meth-
ods perform worse than OLS methods. This suggests that incorporating qualitatively incorrect
information about the surrogate systems in analysis is generally worse than not utilizing any
information. Yet, the losses might be regarded as small. For example, when EIMSE optimal
designs are used, the losses are less than 12% from using GLS. Also, we observed some pre-
diction advantages of optimal EIMSE designs over regular central-composite-based designs,
despite the incorporation of the incorrect information. This occurs presumably because bias
incorporated in the EIMSE criterion causes the design points to move closer to the centre of the
design region. When bias errors dominate, this may offer advantages of prediction regardless of
what method of analysis is applied. In addition, for the MPCCD, we also find that false prior
information has negative effects on the analysis (i.e. OLS is better than GLS). Furthermore, an
MPCCD plus OLS has the relatively lowest prediction error of all. This is probably because the
MPCCD provides some protection against the bias, and, unlike the optimal EIMSE design, its
generation is not affected by false prior information about the covariance.

To summarize, the results in Table 2 show that, when bias errors are not negligible and pre-
estimates of hyperparameters are approximately accurate, the combination of optimal EIMSE
designs and GLS analysis proposed can offer substantial advantages of prediction accuracy com-
pared with the other combinations of methods that were studied. Further, the results suggest
some degree of robustness of proposed methods to misspecification of the assumptions incor-
porated. We also found that, when the model bias is zero, the central-composite-based designs
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that were proposed by Etman (2000) offer advantages of prediction compared with optimal
EIMSE designs, presumably because of their lower integrated variance.

5.3. Example 3
The third example is a three-factor problem that was motivated by the engine valve heat treat-
ment application that was described in Section 1. A pre-step is studied in which the surrogate
system responses are adjusted to make more plausible the assumption that the systematic errors
have zero mean.

The overall goal of the associated application was to generate an accurate response surface
prediction of the distortion of the part after heat treatment. Data could be collected by using
physical experiments and from the DEFORM® software, commercial FEA code. There were
three levels of experimental fidelity:

(a) physical,
(b) high resolution simulation and
(c) low resolution simulation

with associated experiment costs per run of $1200, $400 and $200 respectively. The total budget
was $5000.

The response of interest was the change in dimension H before and after the heat treat-
ment process (Fig. 2(a)). The region of interest was T A (750–850 ◦C), T T (350–450 ◦C) and tT
(30–200 min). Our experience indicated that the response was usually of the order of 0.1 (mm).

On the basis of previous experience on similar physical experiments, we estimated that σ.1/2 =
2:5×10−5 .mm2/, σ.2/2 =σ.3/2 =0:0 and σZ.1/2 =0. The engineers also believed that the high
resolution computer model should have less than 10% error and the low resolution model
should have less than 15% error. Thus, we estimated σZ.2/2 = 1:0×10−4 .mm2/ and σZ.3/2 =
2:25×10−4 .mm2/. In addition, without sufficient prior information on the roughness parame-
ter, we used the default assumption that θ=1. The engineers were confident that the systematic
errors would be correlated between the computer codes and expressed comfort with the assump-
tion

ρ=
(1 0 0

0 1 0:5
0 0:5 1

)
: .11/

In addition, a full second-order polynomial regression model was used for the analysis, with
the set of potential terms including all third-order interactions. To assure robustness of the
design, we used γ2 =2:25×10−4 .mm2/ so that the variance and bias were roughly equal. The
putatively optimal EIMSE design has 11 runs as displayed in Table 3, where x1, x2 and x3
correspond to TA, TT and tT respectively in coded units.

In this case-study, owing to our limited information on the errors of computer models, a pre-
step calibration as described in Section 2 may be considered. The pre-step that we use involves
a single test run from all systems at the centre of the region of interest. Then, all responses
from surrogate systems are adjusted by the offsets that were determined from the pre-step
responses.

Similar to the second numerical test example, we compare several alternative methods by
using randomly generated true functions. Here, we shall compare approaches with and without
the pre-step. And, for each approach, two design strategies are considered: the optimal EIMSE
design and the shrunk MPCCD. The designs are listed in Table 3. For the with-pre-step optimal
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Table 3. Three-factor, three-system experiment designs

Run System x1 x2 x3 Run System x1 x2 x3

(a) No pre-step, optimal EIMSE design (b) No pre-step, shrunk MPCCD
1 1 0 0 0 1 1 0 0 0
2 3 1 0.75 0 2 2 1 0 0
3 2 0 1 −1 3 2 −1 0 0
4 2 0.75 −0.25 −1 4 2 0 1 0
5 3 0.75 −1 0.5 5 2 0 −1 0
6 2 0.75 −0.75 1 6 2 0 0 1
7 3 0.75 0.75 1 7 2 0 0 −1
8 3 −1 1 0 8 3 0.58 0.58 0.58
9 3 1 −0.75 −0.5 9 3 −0.58 0.58 0.58

10 3 −1 −1 0.25 10 3 0.58 −0.58 0.58
11 2 −0.25 0.75 0.75 11 3 0.58 0.58 −0.58
12 3 −1 0.25 −1 12 3 0.58 −0.58 −0.58
13 3 −0.25 −1 −1 13 3 −0.58 0.58 −0.58
14 2 −0.75 −0.5 0.75 14 3 −0.58 −0.58 0.58
15 3 1 −0.5 0.75

(c) With pre-step, optimal EIMSE design (d) With pre-step, shrunk MPCCD
1† 1 0 0 0 1† 1 0 0 0
2† 2 0 0 0 2† 2 0 0 0
3† 3 0 0 0 3† 3 0 0 0
4 3 0.75 −0.75 −1 4 2 1 0 0
5 3 1 1 −0.25 5 2 −1 0 0
6 2 −0.5 1 −0.25 6 2 0 1 0
7 2 1 0 0.5 7 2 0 −1 0
8 3 −1 0.5 −0.75 8 2 0 0 1
9 3 0 −1 1 9 2 0 0 −1

10 3 0.75 0.75 −1 10 3 0.58 0.58 0.58
11 2 0 −0.75 −1 11 3 −0.58 −0.58 0.58
12 3 1 −1 0.25 12 3 0.58 −0.58 −0.58
13 3 −1 0.25 0.75 13 3 −0.58 0.58 −0.58
14 2 0.25 0.75 1
15 3 −1 −1 0

†Pre-step design point.

EIMSE design (Table 3, part(c)), the experimental design is planned optimally, taking into
account the runs at the centre from the pre-step.

For evaluation, we consider true functions that are full third-order polynomials, randomly
generated by using the approach in McDaniel and Ankenman (2000). The true functions of the
real system (system 1) are created by using the range of responses (−1.0, 1.0). The polynomials
corresponding to the systematic errors of system 2 are created by using the range of responses
(0, 0.2). The polynomials for the systematic errors of system 3 are generated as the sum of the
error polynomial for system 2 and an additional randomly generated polynomial with response
range (0, 0.2). Note that both surrogate systems are positively biased. In addition, the variance
of the systematic error for system 3 is about 2.0 times that of system 2, and the correlation
between the systematic error for system 3 and for system 2 is about 0.707. Therefore, our prior
information on sizes and correlations of the systematic errors are approximately accurate, but
the zero-mean assumption on the systematic errors is poor.

The results in Table 4 suggest that the pre-step substantially improves the accuracy of pre-
diction regardless of the approach of analysis. For all designs, GLS analysis provides better
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Table 4. EISE for the three-factor test functions

Test function Analysis EISEs for the following designs:

No pre-step, No pre-step, With pre-step, With pre-step,
optimal shrunk optimal shrunk

EIMSE design MPCCD EIMSE design MPCCD

1 GLS 7.25×10−3 1.64×10−2 1.86×10−3 5.14×10−3

WLS 7.70×10−3 1.88×10−2 2.14×10−3 5.16×10−3

OLS 8.24×10−3 2.20×10−2 2.29×10−3 5.20×10−3

2 GLS 9.31×10−3 2.13×10−2 9.65×10−4 1.15×10−3

WLS 9.83×10−3 2.43×10−2 9.98×10−4 1.18×10−3

OLS 1.04×10−2 2.75×10−2 1.03×10−3 1.27×10−3

3 GLS 1.25×10−2 1.66×10−2 2.58×10−3 3.90×10−3

WLS 1.31×10−2 1.93×10−2 2.72×10−3 3.95×10−3

OLS 1.27×10−2 2.40×10−2 3.03×10−3 4.09×10−3

4 GLS 1.02×10−2 1.92×10−2 4.83×10−3 9.95×10−3

WLS 1.08×10−2 2.15×10−2 5.00×10−3 9.95×10−3

OLS 1.18×10−2 2.42×10−2 5.19×10−3 9.96×10−3

5 GLS 1.16×10−2 2.28×10−2 3.86×10−3 7.34×10−3

WLS 1.14×10−2 2.55×10−2 3.73×10−3 7.39×10−3

OLS 1.10×10−2 2.83×10−2 4.02×10−3 7.56×10−3

Averaged GLS 470% (264%) 944% (650%) 100% (0%) 189% (53%)
relative† WLS 492% (281%) 1077% (742%) 105% (6%) 190% (53%)

OLS 508% (298%) 1239% (835%) 112% (7%) 194% (50%)

†Standard deviations are given in parentheses.

accuracy, presumably because the underlying correlation structure can model the systematic
errors to some extent. Still, in these cases, the benefit from using GLS is much less than the
benefit from using the pre-step. In addition, optimal EIMSE designs produce better prediction
accuracy than corresponding shrunk MPCCDs.

6. Application study: engine valve process design

The generation of the experimental designs for the engine valve heat treatment application is
described in the numerical test example 3 of the previous section. The optimal EIMSE design
with pre-step (Table 3, part(c)) combined with GLS analysis offered the best performance of
all the methods considered. Therefore, physical and computer experiments were conducted
according to this design.

The associated response data of the optimal EIMSE design, in the order of Table 3, part(c),
are the following: 36.57, 38.86, 39.33, 57.05, 51.14, 29.69, 53.37, 33.66, 40.32, 47.30, 45.06,
61.48, 30.74, 33.84 and 40.96 (×10−3 mm). From these data, we computed the following GLS
prediction (in 10−3 mm) of the distortion:

ŷ.x1, x2, x3/=36:54+10:46x1 −5:85x2 −2:82x3 −0:01x1x2 −0:02x1x3

+0:69x2x3 +6:22x2
1 +0:21x2

2 −1:51x2
3: .12/

where x1, x2 and x3 correspond to TA, TT and tT respectively in coded units. A plot of this model
in Fig. 7 shows the effects of the heat treatment process parameters on the distortion of the
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Fig. 7. Predicted distortion of the valve after heat treatment with tT=115 min

part. This response surface prediction permits engineers to minimize distortion of the part with
a constraint on hardness.

7. Conclusions and future work

In this paper, we proposed the use of GLS to generate prediction when data are from variable
fidelity experiments. We also proposed perhaps the first criterion for design optimality of var-
iable fidelity experimentation. The criterion is a GLS extension of the EIMSE criterion that
was proposed in Yu (2000) and Allen, Yu and Schmitz (2003). We showed that the design meth-
ods proposed can achieve improved accuracy compared with alternatives from the literature by
using numerical test examples. Also, we illustrated the application of the methods proposed in
a heat treatment distortion study for fabricating engine valves.

A concern that is associated with the methods proposed relates to the required pre-estima-
tion of hyperparameters relating to the systematic and measurement errors. We discussed in the
context of engineering applications how these pre-estimations can be generated. We also inves-
tigated this concern by using numerical examples and concluded that the methods proposed
are, to some degree, robust to quantitative inaccuracies in the pre-estimations. We suggest that
future work should investigate the estimation or updating of the hyperparameters by using data
collected from experiments.
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Appendix A

In this appendix, we derive the EIMSE formula assuming that GLS is used in the analysis. The derivation
begins from the definition of the EIMSE in Allen, Yu and Schmitz (2003):

EIMSE.ξ/= E
η, x, "

{ŷ.x, ε, ξ, η/−η.x/}2

where ŷ.x, ε, ξ, η/ and η.x/ are prediction and the true function values at point x respectively. The experi-
mental design is ξ and ε is a vector of the measurement errors.

We assume that the true function of the real system is

η.x/= f1.x/′β1 + f2.x/′β2

where f1.x/′β1 are the primary terms and f2.x/′β2 are the potential terms. Only the primary terms are
included in the fitted regression model. Let X1 and X2 denote the design matrix of primary and potential
terms respectively; the data vector Y is

Y =X1β1 +X2β2 +ε:

Note that ε∼N.0, V/. So the GLS predictor of β1 is

β̂1 = .X′
1V−1X1/

−1X′
1V−1Y

=β1 + .X′
1V−1X1/

−1X′
1V−1X2β2 + .X′

1V−1X1/
−1X′

1V−1ε:

Let A = .X′
1V−1X1/

−1X′
1V−1X2; then the IMSE is

IMSE =E
x

[E
"
{ŷ.x/−η.x/}2]

=
∫

r

{f1.x/′A − f2.x/}β2β
′
2{A′ f1.x/− f2.x/′} dx

+
∫

r

f1.x/′.X′
1V−1X1/

−1 f1.x/ dx

= tr {.A′µ11A −2A′µ12 +µ22/β2β
′
2}+ tr{µ11.X

′
1V−1X1/

−1}
where µij =∫

r
fi.x/ fj.x/′ dx .i, j =1, 2 and i� j) are the so-called ‘moment matrices’ and r is the region of

interest (i.e. the input space).
Integrating the IMSE over the possible coefficients of the potential terms gives

EIMSE = E
β2

.E
x

[E
"
{ŷ.x/−η.x/2}]/

= tr{.A′µ11A −2A′µ12 +µ22/E.β2β
′
2/}+ tr{µ11.X

′
1V−1X1/

−1}:
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