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Abstract

In this paper we discuss the application of a certain class of Monte Carlo methods to stochas-
tic optimization problems. Particularly, we study wvariable-sample techniques, in which the ob-
jective function is replaced, at each iteration, by a sample average approximation. We first
provide general results on the schedule of sample sizes, under which variable-sample methods
yield consistent estimators as well as bounds on the estimation error. Because the convergence
analysis is performed pathwise, we are able to obtain our results in a flexible setting, which re-
quires mild assumptions on the distributions and which includes the possibility of using different
sampling distributions along the algorithm. We illustrate these ideas by studying a modifica-
tion of the well-known pure random search method, adapting it to the variable-sample scheme,
and show conditions for convergence of the algorithm. Implementation issues are discussed and

numerical results are presented to illustrate the ideas.
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1 Introduction

In the past few years a great deal of attention has been devoted to theoretical and practical aspects
of combining simulation and optimization techniques to solve practical problems. This is required in
problems where the objective function cannot be evaluated exactly but rather must be estimated by
simulation. Indeed, many simulation packages have now optimization procedures implemented in
the software. Conversely, there has been considerable amount of research on optimization methods
that incorporate sampling in order to deal with uncertainty factors.

Perhaps the most common (and fairly general) way to obtain a model that captures the existing
randomness is by defining a random function of the underlying parameters on a proper probability
space and then optimizing the expected value of such function with respect to the decision variables.
More formally, we have a probability space (2, F, P), a subset X C IR™, a (measurable) function
G : X x Q — IR and we want to solve

min {g(x) — E[G(z)] = /Q Gz, w) P(dw)}. (1.1)

zeX

Typically, the expected value in problem (1.1) cannot be computed exactly, so approximation
methods are required. For example, IE[G(x)] may represent some performance measure (e.g., ex-
pected throughput) in a transient simulation model. One approach to approximate the function
in (1.1) is to resort to Monte Carlo methods: in its basic form, the idea is to replace the expected

value function with its corresponding Monte Carlo approximation
1N
gN(x) = N Z G(z,w;),
N

(where wi,...,wy form an i.i.d. sample) and then solve the resulting deterministic problem. This
type of algorithm (sometimes called “sample path optimization”, or “sample average approxima-
tion”) has been well studied in the literature, see for instance Rubinstein and Shapiro [29] and
references therein. One advantage of such method is its nice convergence properties; indeed, it is
possible to show convergence of optimal solutions and optimal values under fairly general assump-
tions (see, e.g., Dupacova and Wets [14], Robinson [28], Shapiro [31, 32]). In some cases, the solution
of the approximating problem converges exponentially fast on the sample size N to a solution of
the original problem. This type of phenomenon was observed by Shapiro and Homem-de-Mello [34]
in the context of piecewise linear convex stochastic programs, and studied by Kleywegt, Shapiro,
and Homem-de-Mello [24] in the context of discrete optimization.

The basic idea in the Monte Carlo method yields several possible variations. For example,

suppose we have at hand an iterative method to solve the deterministic problem. Instead of fixing



a sample from the beginning and then minimizing the resulting deterministic function, one may
consider using different samples along the algorithm. That is, the idea is to use, at iteration k, the

approximating function
. G(m,w’f)+...+G(w,w§“Vk)
gk(z) = N, ;
k

where W, ... w N, is a sample from some distribution Py close to P. Notice that we use a new

sample at every iteration (hence the term “variable-sample method” used throughout the paper) as
opposed to fixing a large sample at the beginning and then optimizing the resulting deterministic
function.

One apparent advantage of a variable-sample scheme over the basic Monte Carlo method is
that, since we generate independent estimates of the objective function at different iterations, we
avoid getting “trapped” in a single sample-path. For example, as the results in [24, 34] show, some
problems have the property that, for almost all w, there exists a number Ny = N(w) such that the
solution zy, of the approximating problem min g, (z) coincides with the solution z* of the original
problem (1.1). Such Ny, however, is difficult to determine in practice, so for a given sample size N
there may be a positive probability that z%; is actually far away from z* — which in turn implies
the existence of “bad” sample-paths. This effect tends to be reduced once we generate independent
estimates of the objective function, since re-sampling allows the iterates of the algorithm to get
away from those “bad” sample paths.

Another advantage of a variable-sample scheme is that the sample sizes can increase along the
algorithm, so that sampling effort is not wasted at the initial iterations of the algorithm. Also,
because the estimates at different iterations are independent, one can perform statistical tests to
compare those estimates, which in turn can lead to stopping criteria for the algorithm. Indeed,
this type of approach has been successfully used in some gradient-based methods for continuous
stochastic optimization; see, for instance, Cooper and Homem-de-Mello [9], Homem-de-Mello et al.
[23], Shapiro and Homem-de-Mello [33].

The price to pay for the flexibility provided by a variable-sample scheme, of course, is that the
function being optimized changes at every iteration. Therefore, the convergence results developed
for the sample average approximation described above are no longer valid. For example, it is
important to ensure that gip(z) — g(x) with probability one (w.p.1) — i.e., it is desirable that
gr(z) be a consistent estimator of g(z). Perhaps surprisingly, it turns out that, for such property to
hold, it is not enough that the sequence of sample sizes { Ny} be increasing; as we show in section 3,
N must grow at a certain rate.

While in some cases consistency of estimators suffices to show convergence of a method adapted

to the variable-sample scheme, in other situations we need more than that; in those cases, we must



ensure that the error from the deterministic algorithm dominates the stochastic error |§i(z) —g(z)|,
so that the convergence properties of the deterministic algorithm are preserved. While this assertion
is quite intuitive, showing that such property holds for a given algorithm can be a difficult task.
This can be made easier by imposing a proper schedule of sample sizes, so that we can bound the
stochastic error |gx(z) — g(z)].

In this paper we address these issues. We propose a framework to analyze methods that use the
variable-sample scheme. In particular, we focus on algorithms that use function evaluations only.
We provide general results on consistency of estimators as well as bounds on |§x(z) — g(z)| under
the variable-sample scheme. These goals are accomplished by exploiting the fact that the estimates
gr.(z) of the objective function g(x) are obtained via averaging, which allows us to use some classical
results from probability theory. We obtain generic bounds on the deviation |§x(x) — g(z)|, which
can then be used to show convergence of a specific method. Such conditions translate directly to
the choice of sample size N used to compute the average at each iteration. An important aspect
of our study is that the analysis is completely performed in terms of sample paths. This is why it is
necessary to resort to tools such as the law of the iterated logarithm instead of the more commonly
used Central Limit Theorem. By doing so, we do not need to assume any distribution for the error
|9k (x) — g(z)].

Another feature of our analysis is that we allow the use of different sampling distributions P}, at
each iteration to obtain the estimate §,. This feature can be exploited in several ways, for example
by using sampling methods that yield variance reduction for the resulting estimators. Notice that
the sampling distributions Py can even yield biased estimators of g(x), as long as the bias goes to
zero at a specific rate. This underscores the generality of the results.

The above results provide a set of tools that can be used to show convergence of a variable-
sample version of a specific deterministic optimization algorithm. Such convergence analysis can
in principle be applied to discrete or continuous problems. However, because it deals solely with
convergence of function values, the analysis cannot be applied directly to methods that use gradient
information such as the steepest descent algorithm, for example. Indeed, in such cases one must
impose conditions on the estimates of the gradients in order to have convergence; see Shapiro and
Wardi [35]. Nevertheless, the analysis can be conceivably used in methods where derivatives are
approximated by finite differences, though we do not explore that road here.

A natural setting for methods that are based exclusively on function evaluations is that of
discrete stochastic optimization problems. This class of models of the form (1.1) consists of problems
where the feasibility set X is finite but typically very large, so that explicit enumeration is not

feasible. Many techniques have been proposed for discrete problems in the deterministic setting; a



particular class is that of random search procedures. In this type of algorithms, on every iteration a
point is selected at random and compared with the current point based on the value of the objective
function. A decision is made as to whether or not the new point should replace the current one,
and the algorithm proceeds. Random search methods have proven to be quite useful, especially
when the structure of the problem cannot be exploited.

Motivated by the above discussion, we consider in this paper the application of the variable-
sample framework to random search methods for discrete stochastic optimization problems. Be-
cause the purpose of the paper is to illustrate the use of some general techniques to prove conver-
gence — rather than proposing a new method — we focus on the simplest kind of random search
algorithms, namely the pure random search method. In that algorithm, on every iteration a point
is selected uniformly on X and independently of the previous choices; the new point replaces the
current one if the value of the objective function is improved.

Although the pure random search method is not particularly efficient, we feel it constitutes an
important example of application of the ideas developed in the paper, for several reasons: first, we
believe the framework presented here can be easily extended to other methods that include pure
random search as a special case. Such is the case, for example, of the modifications proposed by
Dorea and Gongalves [13], where the choice of the new point is made conditionally on previous
selections. Second, some proofs developed for more sophisticated algorithms rely on convergence
of pure random search to guarantee convergence of the algorithm. Such is the case of published
proofs for genetic algorithms (see, e.g., Rudolph [30]) and for the so-called ant colony optimization
method (Gutjahr [19]), to name a few examples. Thus, our results can be readily adapted to show
convergence of variable-sample versions of those methods. Third, pure random search allows for
an additional degree of flexibility by letting the underlying distributions depend on the decision
variables x; in that case, we have P, = P,, , where z;, is the point obtained in the kth iteration.
Finally, in the context of deterministic optimization, stopping rules have been developed for pure
random search algorithm, see e.g. Dorea [12], Hart [20]. Those stopping rules can in principle be
applied to the variable-sample setting — which is possible since the estimates obtained at different
iterations are independent — though we do not pursue that in this paper. In Homem-de-Mello
[22], we apply the methodology to a more complex algorithm, the simulated annealing method.

An important aspect of using a variable-sample scheme is its implementation. The results
in section 3 show that a necessary condition for convergence is that the sample sizes increase at
a certain rate. A naive approach of increasing the sample size too often, however, will be too
slow in practice to have any usefulness. We address this issue by proposing an adaptive version of a

variable-sample scheme. The idea is to allow the algorithm to decide automatically what is a “good”



sample size. This is accomplished by means of t-tests. Once the “good” sample size is achieved, it
is increased only occasionally in order to fulfill the requirements for theoretical convergence.

The remaining of this paper is organized as follows: we start by briefly reviewing the literature
on discrete stochastic optimization. In section 3 we formally introduce wvariable-sample methods.
We provide general conditions under which those methods produce consistent estimates as well as
pathwise bounds on the estimation error |gi(z) — g(x)|. The analysis in these sections is general, in
that it does not depend on the particular algorithm being used for optimization. Then, in section 4
we present a variable-sample modification of the pure random search (PRS) algorithm, and show
that the modification preserves the convergence properties of PRS for deterministic problems, as
long as the sample sizes Nj grow at a specific rate. Implementation aspects are discussed in
section 5, where the ideas are illustrated by some numerical results. Finally, in section 6 we present

some concluding remarks.

2 A brief literature review

Several methods have proposed in the literature to handle problems of the form (1.1) when the
feasible set X is finite. Here we can mention general random search procedures such as the ones
discussed in Alrefaei and Andradéttir [3], Andradéttir [4, 5], Gong et al. [17], Yan and Mukai
[39]. Adapted versions of the simulated annealing method have been studied by Alrefaei and
Andradéttir [2], Fox and Heine [15], Gelfand and Mitter [16], Gutjahr and Pflug [18]. Another
approach is the ordinal optimization, proposed by Ho, Sreenivas, and Vakili [21], where the order of
the function values are estimated, rather than the function values themselves. Yakowitz, L’Ecuyer,
and Viasquez-Abad [38] discuss a method where quasi-Monte Carlo techniques are used to select
low-dispersion points in the feasibility set. An adaptation of the classical branch-and-bound method
to the context of stochastic optimization is studied by Norkin, Pflug, and Ruszczyriski [26]. Boesel
and Nelson [6] and Allen, Ittiwattana, and Bernshteyn [1] present an alternative procedure based
on the combination of genetic algorithms with ranking and selection techniques. In the particular
case where the function G(-,w) is the optimal value of a linear programming problem and the set
X is polyhedral, stochastic integer programming techniques can be applied; see for instance the
bibliography on stochastic programming compiled by Van der Vlerk [37].

The basic fixed-sample Monte Carlo approach described in section 1 has also been applied to
discrete stochastic optimization problems. As seen earlier, in that case the expected value function
is replaced by its corresponding sample average approximation, and the resulting deterministic

problem is solved by some discrete optimization method. Morton and Wood [25] use this approach



to derive upper and lower bounds to the optimal value, and show that the gap decreases with
the sample size. Kleywegt et al. [24] show some theoretical properties of the method. Besides
showing convergence of optimal values, they resort to large deviations techniques to show that
the solution of the approximating problem converges exponentially fast on the sample size N to
a solution of the original problem. On the implementation side, they propose solving a sample
average approximation of the problem a few times and then using ranking and selection procedures

as a second step. We refer to [24] for details.

3 Variable-sample methods

In this section we establish a framework to analyze simulation-based methods that utilize different
samples along the iterations. The framework presented is general in that we do not assume any
particular structure for the problem, which could be either discrete or continuous.

We start with a few definitions. Let N1, No, ... be a sequence of integer numbers representing the
size of the sample used at each iteration. We will call { Ny} the schedule of sample sizes associated
with the algorithm under scrutiny. We assume that the sample used at any given iteration is i.i.d.,
and that this sample is independent of previous samples. Notice that the i.i.d. assumption regards
only the sample at a given iteration — that is, samples at different iterations can be drawn from
different distributions. With that setting, let Q%% denote the Nj-fold Cartesian product of the
sample space €, and let P;, be a probability measure on Q. Also, let Q=M x QN2 x ..., and
let P denote the corresponding probability distribution on Q generated by the Pgs. Notice that
such construction is valid because of the assumption of independence between samples at different
iterations. In particular, it implies that IS(Ak) = Py (Ag), where Ay is any event in the o-algebra
corresponding to iteration k.

Notice that a point w = (wi,... ,w]lvl,w%, e ,w]2V2, ...) € Q represents a sample-path followed

along the iterations of the algorithm. Define now the following random variables on (€2, P):
GF(z,w) = Gz, wF), k=1,2,...,i=1,...,Ns.

Now, for each w € Q, define the approximating functions

Gh(z,w)+ ...+ Glka(x,w)

gk(z) = N, , k=1,2,... (3.1)

(we omit the dependence of gi(z) on w for brevity). The function §i(x) is the approximation to
the original function g(z) that is used in the kth iteration. Notice that, conditionally on z, the

estimates {gx(x)}, k = 1,2,..., are all independent of each other.



3.1 Consistency of estimators

One approach to show convergence of a variable-sample simulation-based method is to show that
the algorithm converges for P-almost all w € Q. It is natural to think that, in order to have
convergence for almost all sample paths, we must have that that the estimators used at each
iteration are consistent, i.e., for all x € X and P-almost all w € O we must have that

lim gp(z) = g(x). (3.2)

k—o00

It is interesting to notice that, although condition (3.2) may seem a direct consequence of the
law of large numbers, this is not the case. T'wo factors contribute to that: first, we do not impose
that IEgx(z) = g(x), i.e., the estimator gi(x) is allowed to be biased. Second, even when this is not
the case — for example, when all measures P}, are identical — it could happen that, in principle,
gr(z,w) does not get close to g(x) with a sample of size Nj. To illustrate the latter point, consider
the function G(z,z) = z, where z is 0 or 1 with probability 1/2 each, and a sequence w formed by
2¢ ones followed by 2¢ + 1 zeros, £ =0,1,2,... . That is, w = (0,1,1,0,0,0,1,1,1,1,...). Suppose
that Ny =k, k =1,2,.... Then, after a little algebra we see that

(n) _ Xjimwi _ Ln)+1
20(n)+1 — n — 2(n)+1’

(3.3)

where £(n) is the smallest nonnegative integer ¢ such that n < (¢+1)(2¢+1). The above inequalities
imply that
D1 wj 1

lim ==Y Ry,
n—00 n 2

so this sample path satisfies the law of large numbers for the overall sequence. However, we have
that wf =ug, 7 =1,..., N, where up = 0 if k is odd and u; = 1 otherwise. Hence, we have that
(W ...+ wfi,k)/Nk = uy, and thus the limit in (3.2) does not exist.

Our initial task is therefore to show that pathological cases such as the one described above
happen only on a set of P-probability zero. Moreover, we must impose conditions on the bias
Egi(z) — g(x). Then, we will be able conclude that (3.2) holds. We start with the following

assumptions:

Assumption Al: For each x € X, there exists a positive constant M = M (x) > 0 such that
SUpg ; G¥(z) < M w.p.1.

Assumption A2: For each x € X, we have that limj_,o, Egx(x) = g(x).



A few words about the above assumptions. Assumption A1l says that all random variables
are uniformly bounded w.p.1. As we shall see below, this assumption can be relaxed, at a certain
expense. Assumption A2 says that the estimators gi(x) are asymptotically unbiased, and obviously
holds in case all i (x) are unbiased estimators of g(x). We must also notice that the term “constant”
in assumption Al refers to w rather than x, i.e. constant means “non-random quantity”. This
terminology is used throughout the paper.

We consider now the following alternative assumptions A1’ and A2’. Assumption A1’ is clearly
weaker than assumption Al; assumption A2’, on the other hand, deals with the special case when

all probability measures P are identical.

Assumption A1’: For each xz € X, there exists a positive constant M = M(z) > 0 such that
supy, Var[G¥ (z)] < M.

Assumption A2": All probability measures Py are identical and the estimator gi(z) is unbiased.

Before proceeding with the results, let us recall some basic facts from large deviations theory.
Let Y7, Ya,... be a sequence of i.i.d. random variables with finite expectation y, and for all N > 1

define Yy = Zﬁil Y;/N; then, the weak law of large numbers says that, for any ¢ > 0,
Jim P([Yy—pl>6) =0, (3.4)

and the large deviation theory asserts that the above probability converges to zero exponentially

fast. Indeed, for any N > 1, Chernoff’s bound yields
P(Yy—p>6) < e Ntd), (3.5)

Here, I(-) is the so-called rate function corresponding to the distribution of Y7, which is defined
by I(2) = sup,cp{tz — log M(t)}, where M(t) := E[e*1] is the moment generating function of
Y7 (which is assumed to be finite in a neighborhood of zero). It is possible to show that I(-) is
non-negative, strictly convex and attains its minimum at p (with I(p) = 0), so that the exponent
in the right-hand side of (3.5) is strictly negative. Next, by applying inequality (3.5) to the process
{-Y;}, we have that

P(Yy—p<-0) < e N9

9

whence

P([Yn—pl=0) < 27N, (3.6)



where (8) := min(I(x+0), I(n—9)). This implies (3.4). It is possible to show that the exponential

bound in the above inequality is asymptotically sharp, in the sense that
P([Vn —p| > 0) = e N1@)+e), (3.7)

The literature on large deviations theory is quite ample; we refer the reader to the books by Dembo
and Zeitouni [10] and Shwartz and Weiss [36], for example, for comprehensive discussions. For our
purposes, the results in (3.6) and (3.7) will suffice.

The above results, while very important from a qualitative point of view, are difficult to use
directly since typically it is very hard to compute the rate function I(-). Thus, estimates for I(-)
are needed. A useful one can be derived when the corresponding random variables are uniformly

bounded, i.e., |Y;| < M w.p.1. In that case, we have that
(z — p)?
Iz) = =3

(see for example Shapiro and Homem-de-Mello [34] for a proof). A similar result can be derived

forall z€ IR (3.8)

under the weaker assumption that the corresponding random variables have finite variance o2.

Then, there exists a neighborhood A of y such that

5 — )2
1) 2 Fp

This follows directly from the Taylor expansion of the function I; see Kleywegt et al. [24] for a

for all z € . (3.9)

proof.

Another estimate of the deviation probability P(|Y — u| > ) can be obtained by a variant of
the Central Limit Theorem. In that case, § goes to zero with n, so that the deviations are never
very large. In Chung [7, Thm. 7.1.3], the following result is proved: suppose the i.i.d. sequence
{Y;} has finite variance o2 and finite third central moment 3 := IE(|Y; — u|?). Let a,, be a sequence

of real numbers increasing to infinity, and subject to the following growth condition:

. | ay
Jim log (o) + 7(1 +¢) = —oo for some € > 0. (3.10)

Then, for this &, there exists N such that for all n > N we have

—a2(14e)/2 p<y_ >an_‘7> < emai(1-e)/2. 11
e < n = \/ﬁ € (3 )

We can now state the results:

Proposition 3.1 Suppose that assumptions A1 and A2 hold. Suppose also that the schedule { Ny}
satisfies the following property:

Z oM < oo forall a € (0,1). (3.12)
k=1

Then, §r(x) — g(z) for P-almost all w € Q.



Proof: Fix x € X, let k > 1 and § > 0. To simplify the notation, let g; := IEgg(z). Then, by
inequality (3.6) above, we have that

P (lge(@) — gl > 0) < 2e7 M), (3.13)

where v;,(0) := min(Ix(gx + 6), Ix(gr — 6)), and I}, is the rate function of G¥(x). By assumption
A1, we have that G¥(x) < M w.p.1 for all k and i and thus, from (3.8), we have

52
w0 2 535
and hence
P (|ge(x) — grl = 8) = Py (|gr(@) — gil > 8) < 2e7Ne0™/ @M, (3.14)
It follows that - -
> P (Jdk(x) sl > 8) < D2 (e V) (3.15)
k=1 k=1

Notice that, if condition (3.12) holds, then the expression on the right hand side of the above
inequality is finite for all 6 > 0. By the Borel-Cantelli lemma (see, e.g., [7, Thm. 4.2.1]), we then
have that

P (|gx(x) — gi| > 0 infinitely often (.o.)) = 0 V&> 0.

Finally, assumption A2 implies that, given § > 0, |gx — g(z)| < §/2 for k large enough. It follows
that

P (|gr(z) — g(x)| > 6/2i0) = 0 V6>0 (3.16)

and therefore i (z) — g(x) for P-almost all w € Q. §

The above result can be strengthened in case the measures Py, are identical. As the proposition

below shows, in that case condition (3.12) is also necessary for convergence of gi(x) to g(z).

Proposition 3.2 Suppose that assumptions A1' and A2 hold. Then, a sufficient condition to have
gr(x) — g(x) for P-almost all w € Q is that the schedule {Ny} satisfies condition (8.12). If, in
addition, Var[G1(x)] > 0, then condition (3.12) is also necessary.

Proof: Fix z € X, let k > 1 and § > 0. Then, (3.6) and (3.7), together with assumption A2’

imply that there exists a sequence {cg} such that ¢ — 0 and

Py (lge(z) — g(z)| > 6) < 2e7 N0 (3.17)
P (|gn(@) — g(z)] > 6) > e Nub@en), (3.18)

10



where () := min(I(g(x) + ), I(g(z) — §)), and I is the rate function of G¥(z). Now, from (3.9)
and assumption A1’ we have that there exists a neighborhood A of zero such that

2

>
~v(9) > e for all § e N
and thus, for § small enough and all k,
P (|gn(2) = 9(@)| 2 8) = Pe(lgu(@) - gla)| 2 8) < 2e7Ni/EMD), (3.19)

On the other hand, since the random variables G¥(x) are assumed to have positive variance, it
follows that the rate function I is finite in a neighborhood of g(x), i.e., 7(d) < oo for ¢ small
enough. In fact, v(6) — 0 as § — 0.

Next, let £ > 0 be arbitrary. Since v(d) — 0 and the sequence {cy} goes to zero, we have from

(3.18) that, for ¢ sufficiently small and k sufficiently large,
P(|gr(x) — g(2)| > 8) = P(lgn(x) — g(z)] > 0) > M= = (e79)™. (3.20)

Together, (3.19) and (3.20) imply that 3.2, P (|gx(z) — gr| > 6) is finite for all § sufficiently small
if and only if condition (3.12) holds. By applying the full statement of the Borel-Cantelli lemma
(see, e.g., [7, Thms. 4.2.1 and 4.2.4]), we conclude that, under assumption A1’, we have

condition (3.12) holds = 346° > 0: P (|gx(z) — g(z)| > 6 i.0.) = 0 V6 € (0,5°)
condition (3.12) does not hold = 36" > 0: P (|ge(z) — g(z)| > 6 i.0) = 1 V5 e (0,8").

It follows from the above implications that a necessary and sufficient condition to have g (z) — g(z)

for P-almost all w € Q is that condition (3.12) holds. §

Some remarks about the above results are now in order. First, notice that condition (3.12)
imposes a mild constraint on the schedule of sample sizes. Indeed, it is evident that such condition
holds if Nj > ck, where ¢ is any positive constant. Even a sublinear growth such as N = vk
satisfies (3.12). Notice however that not all increasing schedules satisfy (3.12): for example, with

N, = clog k we have, for any o > 0,

00 00 00

C
Z aclogk — Z eclogkloga — Z k,loga
k=1 k=1 k=1

which converges if and only if o < e~/¢. Therefore, condition (3.12) does not hold in that case. A
somewhat surprising consequence of Proposition 3.2 is that, when the measures Py, are identical and
Ny = clogk, gix(x) does not converge to g(z) for P-almost all w € Q. The proof of Proposition 3.2
shows why this happens — there exists some 0 > 0 such that the deviation |gi(z) — g(x)| is larger

11



than § infinitely often w.p.1. In that case, we can only conclude that there exists a subsequence of
{gx(x)} converging to g(x). Nevertheless, as we shall see later in some cases it suffices to ensure
that P (|gr(z) — g(x)| > 6 i.0.) = 0 for some given § > 0 (rather than all § > 0) on order to have
convergence of the algorithm; in those situations, the proof of Proposition 3.2 can be modified to
show that even a schedule such as Ny = clog k is acceptable, provided c is sufficiently large.

Another remark concerns the necessity of condition (3.12) in Proposition 3.2. Observe the
importance of the assumption of positive variance in that proposition, since otherwise G f(m) = g(z)
and thus (3.12) would not be necessary. Moreover, condition (3.12) is not necessary under the
conditions of Proposition 3.1, particularly assumption A2. Indeed, suppose for example that Gf(m)
has distribution with mean g(z) and variance o7 = 1/k; clearly, G¥(z) approaches the constant
g(x) w.p.1 as k grows and therefore any nondecreasing schedule { Ny} (for example, Ny = 1 for all
k) guarantees that gi(z) converges to g(x) w.p.1.

We conclude this subsection by proposing yet another alternative to Propositions 3.1 and 3.2.
It requires a stronger assumption on the schedule { Ny} but it requires weaker assumptions on the

underlying random variables. A related result was derived by Cooper et al. [8] in a different context.

Proposition 3.3 Suppose that assumptions A1 and A2 hold. Suppose also that the schedule { Ny}
satisfies the following property:

ZE < 0. (3.21)

Then, gx(z) — g(z) for P-almost all w € .

Proof: Fixx € X,let k>1and § > 0. We apply Chebyshev’s inequality to obtain

Varlgi(x)] _ Var[GY()]/0* _ M/§*

ir () — Bg >4) < -
Py (|gk(7) — Egy(z)| > 0) < 52 N, < N

(3.22)

Thus, 322, P (|gx(z) — Egi(z)| > &) converges if and only if (3.21) holds. The remainder of the

proof is identical to that of Proposition 3.1 and therefore is omitted. J

3.2 Sample-path bounds

The results in the previous subsection ensure consistency of the estimators used at each iteration.
Intuitively, this guarantees that, if k (and therefore Ny) is sufficiently large, then gi(x) is close
to g(x) and so, in principle, when k is large a variable-sample method should not behave too
differently from a hypothetical method that could solve the original problem (1.1). Notice however

that the basic argument for using a variable-sample method is to update the sample sizes as the
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algorithm progresses; therefore, we may need stronger results than just consistency. In particular,
it is desirable to derive bounds on the deviation |gi(z) — g(z)|.

The theorem below provides such bound. Notice that the result is not stated in terms of
distributions, but rather for each sample path w. In a sense, it corresponds to the law of the
iterated logarithm in the standard i.i.d. case. Observe that conditions imposed on the schedule

{N}} are stronger than before. We shall also impose the following assumption:

Assumption A3: For each x € X, there exist a positive constant M; = Mj(z) such that
supy BJ|GH (x) — Ege(2))/ (Var[Gh (@))% < M.

Assumption A3 holds, for example, if the random variables G¥ (z) have uniformly bounded third

moment (for all k) and their variances are uniformly bounded away from zero.

Theorem 3.1 Suppose that assumption A3 holds. Suppose also that the schedule {Ny} satisfies
the following property:

N, > 1k for some ¢y > 0 and some p > 2. (3.23)

Then, for P-almost all w € Q there exists K = K(w) > 0 such that

log Ny,
N,

|9k (2) — g(x)] < on(z) + [Egr(x) — g(x)] (3.24)

for all k > K, where o2(z) := Var[G(z)].
If Ni, < cok? for some co > 0 and some p < 2, then for P-almost all w € Q we have that

lgr(z) — g(x)| > or(x) lof;vivk — |Egi(z) — g(x)| infinitely often. (3.25)

Proof: Fix x € X and let &k > 1. Our goal is to apply inequalities (3.11) to estimate the deviation
probabilities of gx(z) — Egg(z). Let o2 := Var[G¥(z)] and +} := E[|G¥(z) — Egx(x)[%]. Let 6 > 0
be arbitrarily chosen, and define ay := ,/ﬁ log Ni. Clearly, ap — oo. Moreover, the sequence
{ar} satisfies the growth condition (3.10), since

. Niyi a? . o —12 l+e
limsuplog ——=17% + =(1+¢) = limsuplog—= +log N + —— log Ng
1+4+¢ 1
< log M7 + limsu <7——>lo N,
g V1 k_)oop 2010) 2 g IV

= —oo fore<é.
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Therefore, the conditions for (3.11) are satisfied when ¢ < §. Fix now an ¢ < §/(1 4+ 24). Thus,
from (3.11) we have

2¢~ 2(1+6) logNk

IN

e log N,
27 a1 N < Py <|gk<x>—1Egk< |2 =5} ’f)

that is,

1+4e

2N, T < 13<|gk(w>—1Egk< )| >

2N, ~a (3.26)

IA

O 10g Nk
Vito

for k large enough, say k > K.
Suppose now that the schedule { N} } satisfies (3.23). By summing over k in (3.26), we obtain

log IV o
Z <!gk ]Egk(x)‘z\/% = ’“) < Y ok (3.27)
k

where C1 = 2/cy. Let 6 < (p —2)/4. Since p > 2, § is positive. We have p > 2(1 + 2J) and thus in
(3.27) we obtain

o~ 5 (1 A 10g N _(=e)(1425)
> P (ng(:v) — Egi(z)] > L ) < Z ET (3.28)

The expression on the right hand side of the above inequality is finite if and only if the exponent of
k is less than -1, i.e. if and only if € < §/(142§). Since € was fixed above to satisfy such condition,
it follows that the expression on the left hand side of (3.28) is finite when p > 2.

Suppose now that the schedule { Ny} satisfies N < cok” for p < 2. Next, recall that ¢ was fixed
above to be smaller than J. It follows from (3.26) that

00 3 S R . logNk
SR <Y P<|gk($)_IEgk( )= L )
k=K k=K L+o

(where Cy = 2/c9) and so the series on the right-hand side of the above inequality diverges if p < 2.

The above conclusions, together with the Borel-Cantelli lemma, imply that

Ok log N}
VvV1+6
ok log

Vit

The first equation holds for all 0 < 6 < (p—2)/4, whereas the second holds for any ¢ > 0. Therefore,

P (\gk(w) — Egi(z)| > infinitely often) = 0 ifp>2

P <|gk($) — Egi(z)| > " infinitely often) =1 ifp<2

the assertion of the theorem follows.

Remark: The above theorem shows that, in a sense, p > 2 is the weakest requirement on p that

yields a bound of order \/log Nj/Nj. This means that more restrictive bounds such as O(N, Y 2)
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require at least p > 2. Similarly, if p < 2 then we cannot expect a convergence rate faster than

V/log Ny /Ny.

Notice that the right-hand side in (3.24) has a component due to the bias IE[G¥ ()] — g(z). If
this bias dominates the term +/log Ny /N, then of course the error |gi(z) — g(z)| will be the order

of the bias. Under assumption A2” below, Theorem 3.1 yields a direct consequence.

Assumption A2": For each x € X, there exists a positive constant D = D(z) such that

log Nk
k

E[GH@)| —g(@)| < D for all k > 1. (3.29)

Corollary 3.1 Suppose that assumptions A1',A2’ and A3 hold. Suppose also that the schedule
{Ny} satisfies the following property:

N > ck®*°  for some ¢ > 0 and some & > 0. (3.30)

Then, there exists a constant C = C(x) > 0 such that, for P-almost all w € fNZ, there exists

K = K(w) > 0 such that
log Nk
Ni

gk(x) —g(z)| < C (3.31)

forallk > K.

The above results provide the desired bound on the deviation |§x(z) — g(x)|. Note that no
assumptions were made on the distribution of Gf (x), other than some boundedness assumptions
on the first three moments. This underscores the generality of the results. Another remark is that,
clearly, (3.31) implies that gix(z) — g(z) w.p.1, which was the conclusion of Propositions 3.1-3.3.

Those propositions, however, use weaker assumptions on the schedule {Ny}.

3.3 Cumulative samples

The results in the previous sections focus on a certain sampling structure — namely, it is assumed
that samples used at different iterations are independent. It is natural to think of an alternative

scheme, where at each iteration a new sample is appended to the previous one. In other words, using

the notation defined earlier, if the sample used at the first iteration is wi, . .. ,w]lvl, then the sample
used at the second iteration is wi, ... ,w}vl,w%, . ,wJQVZ and so on. Thus, the estimator g (z) used

at iteration k is defined as

~ G%(:L",w)jt...—l—G’ka(x,w)
gx(z) = RESA , k=1,2,... (3.32)
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for each w € Q.
It is clear that, under such scheme, consistency follows immediately from the strong law of large
numbers when the measures P, are identical. If the measures P}, are not identical, then we need

extra conditions on the bias |IE[G¥(z)] — g(x)], as the proposition below shows:
Proposition 3.4 Suppose that assumptions A1' and A2' hold. Then, for all x € X,

lim gp(z) = g(z) (3.33)

k—oo

for P-almost all w € SNZ, provided that limy_..o N1 + ...+ N = oco.

Proof: Fix z € X, and let Y} = G¥(z) — E[GF(2)], k = 1,2,...,i = 1,..., Ng. Then, E[Y}] =
0 and, by assumption A1/, ]E]Y;’LC\2 < M. It follows from a classical result in Probability that
limy oo (Y] + .00 + Y]@k)/(Nl +...4+ Ng) =0 w.p.1l (see e.g. [7, p.125]) and hence, by assumption
A2" we have that

_Gl@) + ...+ G () ) E[GH@)] + ...+ B [Gh, (2)]
im = lim
k—o0 Ni+...4+ Ny k—o0 Ni+...4+ N
s Ny (go) + Dy &) + 4 N (g(2) + Dy /150
. (v/Nilog Ny + ...+ /Ny log Ni)D
< g(z)+ lim
= g()

for P-almost all w € €. Similarly, one can show that limy_ (G (2)+. . .+Glka ()/(N1+...+Ng) >

g(x), so the assertion of the proposition follows. J

A bound similar to the one given by Theorem 3.1 can also be derived in this case. It is a direct

consequence of the law of the iterated logarithm — which can be seen from the “log log” term on

the bound.

Proposition 3.5 Suppose that any of the conditions below is satisfied:

i. Assumption A2 holds;
1. Assumption A1 holds;

191. There exist constants A > 0 and 0 < € < 1 such that

T < A
2% B (logEk)Hf’

where Y2 := Zle N;o?, 02 := Var[Gi(z)], Ty = Zle N3, and also v} == TE “Gll (z) — E[G} (m)]ﬂ
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Suppose also that assumption A1' holds and that B[G¥(x)] = g(z) for allx € X and allk =1,2,....
Then, for P-almost all w € Q there exist positive constants C and K = K(w) such that

_ < C \/log log(N1 + ...+ Ng) vk K, (3.34)

94(2) — 9(a) e

provided that limy_,oo N1 + ...+ N = oo.

Proof: Fix z € X. Then, conditions (i)-(iii) above, together with independence of the variables
G¥(z), imply that we can use the law of the iterated logarithm for the sequence G1(z),... ,G’ka (z),

so that, w.p.1,

e (C1E) ~BIGH@D 4+ (G, () ~BIGK, @) _ 55

k—o0 v/ 22% log log >,

o (GH@) ~BlGH@) £+ (Gl @) Bk @) 556

k=00 A /22% log log >,
(see, for instance, Chung [7], Rao [27]). Since E[G}(x)] = g(x) for all k and X2 = Y% | Njo? <
M Zle N;, it follows from the above inequalities that, given § > 0, there exists K = K(w) such
that

y(c&(x)—g(x))+...+(G§ka(m)—g(x))] < (1406)/2221loglogS, VEk> K

and thus
Gz)+ ...+ Gk (z 2M loglog /M(Ny + ...+ N,
1(2) Nk()_g(m) < (148 oglog /M(N1 + ... + Ny
N1+...+Nk N1+...+Nk
< c loglog(Ny + ...+ Ng)
- Ni+...4+ N

for some C' > 0 and k large enough. J

The task of showing convergence of a variable-sample simulation-based method is facilitated by
the above results. Assuming that a proof of convergence of the underlying deterministic algorithm
is given (in the deterministic setting), the goal becomes to prove that the convergence properties
of such algorithm are kept when, at each iteration k, one replaces the original function g(z) by an
approximating function gi(x) such that gi(z) — g(z) w.p.1 as k goes to infinity.

The main task is to show that, in some sense, the deterministic error dominates the stochastic
error resulting from approximating g(x) by gx(x). In that sense, Theorem 3.1 and Proposition 3.5
are crucial, as they provide upper bounds on the error |ji(z) — g(x)|. An important aspect of those

bounds is that they are distribution-free, which allows for applicability of those results in fairly
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general contexts. Moreover, because those bounds are derived for sample paths, one can analyze
the underlying algorithm for each individual sample path, which typically leads to stronger “w.p.1”
results. Finally, we emphasize that the properties derived in the previous section hold both when
new samples are drawn at each iteration as well as when samples are accumulated from one iteration
to the next. Therefore, the convergence results will be valid under either sampling scheme.

In the next section we will discuss the application of the ideas developed above to a random

search method.

4 Random search methods

Random search methods have become quite popular in global optimization. The basic idea in those
methods — roughly speaking, of course — is to search “at random” for points in the feasible set,
and then compare the value of the objective function at those points. Many known algorithms
fall into this class of methods. The simplest form of a random search method is the pure random

search. The algorithm can be described very briefly:

Algorithm PRS

Select a point x1 in X at random;
k:=1;
Repeat
Choose a point y in X at random;
If 9(y) < g(zx)
then xp1q =y
else xpy1 == xk;
k=k+1;
Until {stopping criterion is satisfied}.

Of course, it is well known that the above algorithm is not particularly efficient, and may take
considerable time to escape local minima. Nevertheless, under appropriate conditions on X and g
the algorithm is convergent with probability one. One such case occurs when X is finite, since at
every iteration there is probability at least 1/|X| of sampling a minimizer z* of ¢ — and after that
we have xj = x* for all k. More generally, when X is compact and ¢ is continuous the algorithm
converges to the set of e-optimal solutions (i.e., the set S¢ such that such that |g(z) — g(z*)| < € for

all z € S.) with probability one. One advantage of the simplicity of the method is that it allows

18



for the development of easily implementable stopping rules for the algorithm, see Dorea [12], Hart
[20].

Algorithm PRS can be easily modified to incorporate other sampling schemes instead of the
uniform sampling used in it. For example, suppose we define a metric on X and let B(x, ) denote
the set of points that lie within a distance § from x. We can modify the selection of y in X in the

algorithm to use the following sampling scheme:

e Select a point y in X according to a conditional distribution that depends on By := B(x1,0)U
...UB(xg,9).

This conditional distribution can simply assign zero likelihood to the set Bs (see Devroye [11])
or, more generally, it can sample from Bjs with a certain pre-specified probability p (see Dorea
and Gongalves [13]). Such scheme is also convergent, and it has been observed that the expected
number of steps until convergence is smaller than for the pure random search algorithm [13].
Consider now the pure random search method adapted to random functions. Using the variable-

sample scheme described in section 3, Algorithm PRS becomes the following.

Algorithm SPRS

Select a point x1 in X at random;
Ny := initial sample size;
k:=1;
Repeat
Choose a point y in X at random;
Generate a sample w¥, . .. ,wﬁ,k from a distribution Py;
Compute gi(xk), gr(y) according to (3.1) or (3.32);
If 9(y) < gr(@k)
then Tx+1 =y
else xp41 = xg;
Update Ny, to obtain Ngiq;
k=k+1;
Until {stopping criterion is satisfied}.

The theorem below shows that Algorithm SPRS does converge to the set of optimal solutions.
For simplicity, we shall assume that X is finite, but the result is easily extendable to the continuous

case with e-optimal solutions mentioned earlier. Notice that, besides the probability space (§~2, 13)
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k

that drive the sampling points w;,

in the above scheme there is another underlying probability

space — call it (2, P) — to govern the choice of states in X.

Theorem 4.1 Suppose that the feasibility set X is finite. Assume that either Assumptions Al
and A2 hold, or Assumptions A1 and A2 hold. Consider Algorithm SPRS, with the sample size
schedule satisfying (3.12). Then, for P-almost all w € Q and P-almost all & € Z there exists
ko = ko(w, &) such that

xzp € S*  for all k > ko, (4.1)

where S* is the set of optimal solutions of (1.1).

Proof: As shown in the proofs of Propositions 3.1 and 3.2, if { N} satisfies (3.12) then we have
that, for each x € X and each § > 0,

P (|gr(x) — Egx(z)| > ¢ infinitely often) = 0.

This means that, given § > 0 and w € €, there exists K! = K1(6,w) such that |j(z) — Egs(z)| <
§/2 for all k > KL. Moreover, by Assumption A2 (or A2') there exists K2 = K2(§) such that
lg(x) — Eg(z)| < 6/2 for all k > K2. By taking K := max,cy max(K}, K2) we have that

lg(x) — gr(z)] < & forall k> K and all z € X. (4.2)

Now, let § := (1/2) ming yex |g(x) — g(y)|. Let =,y be two arbitrary points in X with g(z) < g(y).
When k > K we have

k(x) —g(x)+g(x) —g(y) +9(y) —gry) < xrrylg;( lg(z) —g(y)| - (9(y) —g(z)) < 0.

N
-
—~
S
N—
|
Q
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It follows that, when a point x* € S* is selected at some iteration ky > K — which happens with
P-probability one — we have that gi(z) < gx(y) for all y ¢ S* and all k > kg. From that iteration

on zp € 5*. 1

Theorem 4.1 shows that any accumulation point of a sequence {xy} produced by Algorithm
SPRS will belong to the optimal set S*. Of course, in case S* is a singleton the whole sequence
converges to the element in S*.

In essence, the proof of Theorem 4.1 is based on the fact that the approximation §(z) ap-
proaches g(z) uniformly on X. Although the theorem is proved for the pure random search method,
it is clear that the same argument can be used in other settings where only selection of feasible
points and comparison of function values are involved. An important requirement, however, is that

every point in X be visited infinitely often w.p.1. While this is trivially true for the pure random
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search method, not all algorithms satisfy the requirement. For example, consider the modified
version of the pure random search method, mentioned earlier, where points are selected accord-
ing to conditional distributions. If those conditional distributions block any point that had been
previously selected, then a variable-sample version of such algorithm may not be convergent. Nev-
ertheless, if one allows selection of previously visited points with some probability — as in Dorea
and Gongalves [13] — then the requirement is satisfied and so the proof of Theorem 4.1 will be
applicable to such algorithm.

An important feature of Algorithm SPRS results from the fact that the points are selected
independently of previous choices. This implies that we can allow the underlying distributions to

depend on the decision variables x, i.e., we can have

g(z) = /QG(w,w)Px(dw).

This, is turn, yields considerable flexibility to the model, since in that case we can have Py, = P, ,
i.e. P, may depend on the point selected at iteration k.

It is also worthwhile mentioning that, although Theorem 4.1 covers a number of random-search
type methods, some algorithms may require more elaborate proofs. Such is the case, for example,
of a variable-sample version of the simulated annealing (SA) method. The reason is that the SA
algorithm involves, in addition to selection of feasible points and comparison of function values,
probabilities of moves that depend directly on function values. Nevertheless, the tools derived
in section 3 — particularly Theorem 3.1 — allow for derivation of a proper sample size schedule
that ensures convergence of a variable-sample version of SA for stochastic problems. We refer to

Homem-de-Mello [22] for details.

5 A practical implementation of sample size updates

The results in the previous section ensure that, as long as the sample sizes grow at a certain rate, a
variable-sample version of random-search type methods will converge to the correct set of solutions.
A simplistic implementation of that concept, however, can be impractical in terms of computational
effort. The main issue is that, since the sample size is increased automatically along the algorithm,
as the number of iterations grows the sampling procedure will take longer and longer.

A key observation to remedy the problem comes from the proof of Theorem 4.1. As discussed
earlier, the basic property used in that proof is the fact that, once the approximations g (x) get
“sufficiently close” to g(z), the variable-sample scheme starts behaving exactly like the deterministic

method. This suggests that sample sizes need to increase only up to a certain point.
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One way to detect whether it is necessary to increase the sample size further is to perform
a t-test to check if the values of gi(-) at the current point z; and at the candidate point y are
statistically different. If they are, then the sample size is not increased. In order to ensure theoretical
convergence, we can increase the sample size (regardless of the t-test) only at some specific points
in time.

As a concrete example, consider Algorithm SPRS described in section 4, and suppose we want

)

to implement a linear schedule. The step “update Nj to obtain Ni.1” can be specified as

1. Perform a paired t-test between gi(zy) and gi(y) to test the hypothesis Hy : g(zx) = g(y);

2. If the p-value of the test is large (say, at least 0.2) then Ng,q := Ng; otherwise, Ny =

N + C, where C is some constant.
3. Every K iterations (K specified a priori), do Niyq1 := Ny + C.

Notice that we must perform a paired rather than an independent t-test, since the estimates g (xy)
and g (y) use the same random numbers. Also, if N1 > C, then clearly we have that N, > kC/K,

so the linear schedule applies.

5.1 Numerical results

We present now some numerical results to illustrate the adaptive approach discussed above. For
that, we consider a stochastic version of the traveling salesman problem (TSP) defined in the
following way. The nodes in the graph are numbered 0,1,...,n. Node zero is fixed as the starting
(and ending) point; therefore, there are n! possible tours. The cost of traveling to or from node zero
to any other node is constant, whereas the other arcs in the graph have a random cost associated
with them. The graph is directed, so arcs (a,b) and (b,a) can have different costs. The goal is to
find the tour with least expected cost.

Because the cost of each tour is simply the sum of the costs of the arcs that compose the tour,
the objective function is linear with respect to the random variables. Therefore, it is clear that the
problem can be solved with a deterministic algorithm, with the cost of each arc being replaced by
its expected value. That is, there is no need to use a stochastic optimization method to solve the
problem; nevertheless, we discuss this example because it allows us to verify whether the stochastic
optimization method converges to the correct solution.

In order to test the adaptive approach discussed above, we incorporated those ideas into Algo-
rithm SPRS — a variable-sample implementation of pure random search — described in section 4.

Let us call the resulting algorithm SPRS-AVS (the suffix “AVS” stands for “adaptive variable-
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sample”). For the sake of comparison, we also consider two alternative versions of Algorithm

SPRS:
e SPRS-FVS: A variable-sample scheme with fixed sample size;
e SPRS-FFS: fized sample scheme with fixed sample size.

Of course, given the results derived in section 3, Algorithm SPRS-FVS theoretically does not
converge. Algorithm SPRS-FFS, on the other hand, falls into the framework of the sample average
approzimation (SAA) approach, studied by Kleywegt et al. [24] in the context of discrete stochastic
optimization. In [24], the following important properties are proved: for almost all sample paths,
there exists a number N such that, if the sample size used for the SAA is larger than N, then the
solution given by the SAA algorithm coincides with the solution of the original problem. Moreover,
the probability that such event occurs (i.e. the two solutions coincide) goes to one exponentially
fast with the sample size. Thus, for a fixed sample size IV, Algorithm SPRS-FFS will converge to
the optimal solution with some probability.

We used the following methodology in our tests. First, we randomly generated a cost matrix
for a 6-node TSP (i.e. n = 6); the cost of each arc was generated independently from a discrete

uniform distribution on [4,20]. The resulting matrix was

4 7 4 10 7 17
8§ 4 14 18 6 12
17 4 8 17 7 8
1 14 18 13 11 15
15 7 18 17 15 11
9 11 12 14 7 9

Each element C;; corresponds to the mean cost of arc (4, j). The actual cost of arc (7, j) was assumed
to have uniform distribution on (C;; —4, C;; +4). As pointed out above, we can solve this problem
by solving a deterministic TSP. The optimal solution is the sequence 4, 1,3,2,5,6 corresponding to
a cost equal to 36.

We then tested the following configurations:
e Algorithm SPRS-AVS with Ny = 10 and 50 and the constant C' = 10;
e Algorithm SPRS-FVS with N = 10, 100 and 500;

e Algorithm SPRS-FFS with N = 10, 100 and 500.
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The rationale for these choices is that Algorithm SPRS-AVS, being adaptive, can start with a low
sample size and increase it as needed. Algorithms SPRS-FVS and SPRS-FFS, on the other hand,
require a fixed sample size to be established a priori. Thus, we used small, medium and large
sample sizes to compare the behavior of the algorithms.

We did twenty independent runs for each configuration. To ensure fairness in the comparison,
we used a different seed to generate the stream of random numbers for each run; the same seeds
were used in all configurations. Moreover, the sequence of permutations used by the random search
procedure was generated from an independent random stream and fixed across all runs; in other
words, all runs see the same sequence of permutations. We made this choice because the purpose
of the test is to compare different sampling schemes rather than the random search method itself;
thus, by using the same sequence of permutations, we can compare how fast each algorithm reaches
the optimal solution, if ever.

Table 1 below displays the results. In order to compare the progress of the algorithms, we
keep track of the best solution obtained after a certain amount of CPU time. Each row in Table 1
corresponds to a certain number of units of CPU time, and the columns indicate how often (out of
twenty runs) the optimal solution was found by that time. Since all the algorithms were coded in
the same environment and have the same structure, the comparison really addresses the efficiency
of each method. For brevity, we dropped the prefix SPRS from the names of the algorithms in the
table.

AVS FVS FFS
CPU | 10 | 50 | 10 | 100 | 500 | 10 | 100 | 500

0 01010 0 0 0 0 0
30 01010 0 0 8 0 0
60 0]0]10] O 0 |16] O 0
90 00 ]|18] O 0 |16] O 0
120 | 0 | O |11} O 0 |15] O 0
150 | 1] 0| 2 0 0 |156] O 0
180 (14| 0 |16 | 20 0 |15 20 0
210 | 18|14 | 15| 20 0 |15 20 0
240 |18 120 9 | 20 0 |15 20 0
270 |18 20| 4 | 20 0 |15 20 0
300 | 18 | 20| 18 | 20 0 |15 20 0

Table 1:
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Let us comment on the results shown in Table 1. First, we can see that Algorithm SPRS-AVS
is fairly consistent — even when the initial sample size is small (Ny = 10), it still converges to the
optimal solution 90% of the time. With a larger initial sample size, convergence occurs for all runs.
Algorithm SPRS-FVS, on the other hand, behaves erratically for the small sample size N = 10
— the numbers show that the algorithm jumps in and out the optimal solution. This is expected,
given the large error of the estimates. For N = 100, however, the algorithm behaves much better
and converges perfectly — which is interesting to observe considering that the algorithm is not
convergent in theory. The phenomenon is explained by (3.19): when § in that inequality is less
than (1/2) ming,+ g(x) — g(x*) (where z* denotes the optimal solution), the probability that the
algorithm jumps out of x* is small when Ny is large. Thus, in theory the algorithm will eventually
jump out of z*, but that did not happen before the time limit we imposed to the runs. Similarly,
the zeros in the column corresponding to N = 500 result from the large amount of time spent
per iteration, which prevented the algorithm to reach the optimal solution even once before time
expired. Finally, the results for Algorithm SPRS-FFS corroborate the theory developed in [24]:
the probability of convergence (which, from the table, can be estimated as 75% for N = 10) grows
exponentially fast with N, so that it is very close to one when N = 100. When N = 500 we
see the same problem as with Algorithm SPRS-FVS: the large amount of time spent per iteration
prevented the algorithm to reach the optimal solution even once.

In summary, Table 1 shows that, if “optimal” sample sizes are known, then algorithms SPRS-
FVS and SPRS-FFS are a better choice than the adaptive version SPRS-AVS. Under- or over-
estimation of those sample sizes, however, will cause those algorithms to behave poorly. In those

cases the adaptive version can be very useful.

6 Conclusions

We have presented a general framework to show convergence of a certain class of methods to solve
stochastic optimization problems, which we called variable-sample methods. Such procedures essen-
tially consist of incorporating sampling into deterministic algorithms that use function evaluations
only. Although a complete proof of convergence will depend on the method under scrutiny, we have
provided general results to aid in that task. In particular, we have given conditions on the schedule
of sample sizes { Ny} that ensure consistency of the estimators and also guarantee some bounds on
the deviation from true values. The results provided are general, in that no particular distribution
is assumed.

To illustrate the type of analysis made possible by this framework, we have presented a modifi-
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cation of a random search algorithm to adapt it to the variable-sample scheme. Our results provide
a schedule of sample sizes that guarantees convergence of the algorithm, without making strong as-
sumptions on the underlying distributions. The ideas can be extended to similar methods. We have
also proposed an adaptive version of the algorithm that automatically controls the sample sizes, and
illustrated the ideas with numerical results. The numbers show that the variable-sample scheme is
a viable alternative to fixed-sample methods, particularly if information about appropriate sample
sizes is difficult to obtain.

Some questions, of course, remain open: on the theoretical side, the study of rates of convergence
is very important to provide some intuition on the behavior of the algorithm. Unfortunately,
however, the very definition of rate of convergence is not standard in the stochastic optimization
literature, so some further study is required. On the practical side, the implementation of an
algorithm based on the techniques described in this paper in a realistic setting would require the
development of appropriate stopping criteria (such as the ones suggested in [12, 20]). One possibility
to implement these criteria in the stochastic context would be to perform multiple ¢-tests or use
analysis of variance techniques in order to compare estimates of the objective function. This would
be possible under the variable-sample structure, since the estimates obtained at different iterations

are independent.
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